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L$+$!$-*!'2*/4%-&!

¥! M/$0+!0NA$#/0!DO-&!
¥! 6;+!23!=1:2+=/0%0!+/0P-&!
¥! 7%C:4/!Q1:2+=/0%0?!!

Ð!*$+$!RS%T!1%U!$#/!;2-0%0+/-+!)%+=!C2*/4!3VS%T:W!+2!
)%+=%-!+=/!C/$0A#/C/-+!A-;/#+$%-P/0!! %!

Ð!)=/#/!RS%U!%0!+=/!%-*/:/-*/-+!.$#%$X4/!$-*!R1%U!%0!
+=/!*/:/-*/-+!.$#%$X4/!

Ð!3VS%T:W!%0!+=/!C2*/4!3A-;P2-T!)=%;=!%0!
:$#$C/+/#%Y/*!X1!:$#$C/+/#0!: !



Z%O-&![S$C:4/!

L$+$!\$4A/0!

'2*/4!



]/!^_/-!`a-2)b!]=/-!$!Z%+!%0!c$*!d!



d!X/;$A0/!+=/!e/0%*A$40!$#/!M$#&/!

e/0%*A$40!#%!f!
L$+$!H!'2*/4!





7ACC$#1!

¥! 6+!%+0!X$0%;!4/./4!$!`&22*!D+b!0=2A4*!C%-%C%Y/!
+=/!#/0%*A$40T!#%T!X/+)//-!+=/!*$+$!$-*!C2*/4!

¥! g2!X$4$-;/!+=/!C/$0A#/C/-+0!)%+=!4$#&/!$-*!
0C$44!A-;/#+$%-+1!$::#2:#%$+/41T!2A#!`0;$4/*b!
#/0%*A$4!422(0!4%(/!+=%0T!

r i =
yi ! f (xi, p)

! i

`*$+$b! `C2*/4b!

`C/$0A#/C/-+!
!!A-;/#+$%-+1b!

`#/0%*A$4b!



¥! h-!$-!%*/$4!)2#4*T!)/!)2A4*!)$-+!$!:/#3/;+!
C$+;=!X/+)//-!*$+$!$-*!C2*/4T!%B/B!024./!+=/!
32442)%-&!/NA$P2-0!0%CA4+$-/2A041!32#!'!*$+$!
:2%-+0?! r 0 = 0

r 1 = 0
...

r M = 0



h-!i#$;P;/!+=%0!%0!-2+!:200%X4/!X/;$A0/!23!C/$0A#/C/-+!-2%0/d!



¥! h-0+/$*!)/!024./!+=/!010+/C!23!/NA$P2-0!%-!$!
`4/$0+!0NA$#/0b!0/-0/!

¥! L/D-/!+=/!;=%H0NA$#/!0+$P0P;!$0!+=/!0AC!23!
+=/!0NA$#/*!#/0%*A$40T!

$-*!C%-%C%Y/!+=%0!0+$P0P;B!

! 2 =
M!

i=1

r 2
i



7+$P0P;$4!c$;(&#2A-*!

¥! g=/!;=%H0NA$#/!0+$P0P;!%0!%C:2#+$-+!$-*!)/44!
(-2)-!

¥! Z2#!&$A00%$-!0+$P0P;0T!;=%H0NA$#/!C%-%C%Y$P2-!
0=2A4*!X/!/NA%.$4/-+!+2!+=/!C$S%CAC!4%(/4%=22*!
:$#$C/+/#!/0PC$+/!

¥! h-!+=/!#/$4!)2#4*T!$-!2:PC$4!;=%H0NA$#/!.$4A/!

/$;=!*$+$!:2%-+!;2-+#%XA+/0!2-/!*/&#//!23!
3#//*2CB!

χ2 ! M



"=%H7NA$#/!g/0+!

¥! 922*!D+?!

32#!EF!*$+$!:2%-+0!

¥! c$*!D+?!

32#!EF!*$+$!:2%-+0!!

χ2 ! 19.9

! 2 ! 756



[S%0P-&!Z%O-&!g2240!%-!hLM!

¥! 9/-/#$4!-2-H4%-/$#?!
Ð!",e\[Zhg!j! c/.%-&+2-!$4&2#%+=C!V./;+2#%Y/*W!

Ð!M'Zhg!j!5AC/#%;$4!#/;%:/0!V-2+!./;+2#%Y/*W!

¥! 7:/;%$4%Y/*?!
Ð!Mh5Zhg!j!4%-/$#!V1!f!$S!k!XW!
Ð!i^MlmZhg!j!:241-2C%$4!

Ð!7\LZhg!j!4%-/$#!;2CX%-$P2-0!
Ð!96,77Zhg!j!:/$(!DO-&!



h-+#2*A;%-&!'iZhg!

¥! i2)/#3A4!DO-&!/-&%-/!X$0/*!2-!'h5i6"aHJ!
V'2#n !$-*!;244$X2#$+2#0o!=>:?@@-/+4%XB2#&@C%-:$;(@W!

¥! e2XA0+!3$;+2#%Y$P2-!$-*!0+/::%-&!$4&2#%+=C0!
¥! h--2.$P2-0?!

Ð!i#%.$+/!*$+$!+2!A0/#!3A-;P2-0!VZ,5"g6e97W!

Ð!i$#$C/+/#!A::/#!$-*!42)/#!X2A-*0!Vi6eh5Z^W!
Ð!,0/#!;=220/0!)=2!;2C:A+/0!*/#%.$P./0!

Ð!"2-+#24!2./#!%+/#$P2-T!;2-024/!2A+:A+T!0+2::%-&!
+24/#$-;/0!



¥! 'iZhg!%0!+=/!C$%-!DO-&!/-&%-/T!;$-!024./!$-1!
;=%H0NA$#/!C%-%C%Y$P2-!:#2X4/C!/S:#/00$X4/!$0!!

¥! "4$00%;!4/$0+!0NA$#/0!DO-&!422(0!4%(/!+=%0T!

XA+!)/!)%44!)$#:!+=%0!+2!2+=/#!A0/0!4$+/#B!
L%C/-0%2-$4%+1!23!S!2#!1!$#/!-2+!%C:2#+$-+p!

min
p

M!

i=1

r i(p)2

r i (p) =
yi − f (xi , p)

σi



g=/!'iZhg!Z$C%41!23!e2AP-/0!

¥! "2#/!DO-&!/-&%-/?!'iZhg!
¥! JL!"2-./-%/-;/!#2AP-/0?!

Ð!'iZhgZ,5!
Ð!'iZhg[qie!j!;2CC$-*!4%-/!DO-&!
Ð!'iZhgi[6a!j!:/$(!DO-&!
Ð!'i",e\[Zhg!j!*#2:H%-!#/:4$;/C/-+!32#!",e\[Zhg!

¥! EL!"2-./-%/-;/!#2AP-/0?!
Ð!'iZhgELZ,5!
Ð!'iZhgELi[6a!j!:/$(!DO-&!



7%C:4/![S$C:4/?!'iZhg[qie!

¥! c$0%;!;2CC$-*!4%-/!DO-&T!&#/$+!32#!
*%$&-20%-&!*$+$!2-!+=/!<1!

¥! l2A!0A::41!$!C2*/4!3A-;P2-!/S:#/00%2-!
Ð!expr = 'P[0] + X*P[1] + X^2*P[2]’

¥! 6-*!+=/-!;$44!'iZhg[qie!

Ð! p = mpfitexpr(expr, xx, ys,  ye,  [1,1,1d], …)

¥! L/C2!VC:D+m/S:#B:#2W!

`Sb! `/##2#0b!̀0+$#+!.$4A/0b!`1b!



'iZhgZ,5T!'iZhgELZ,5!



Z2#!'2#/!2-!+=/!c$0%;0!

¥! 7/O-&!:$#$C/+/#!X2A-*$#%/0!Vi6eh5Z^W!
¥! i$00%-&!:#%.$+/!%-32#C$P2-!VZ,5"g6e97W!
¥! e/+#%/.%-&!X/0+HD+!C2*/4!3A-;P2-!$-*!;=%H

0NA$#/!.$4A/!VlZhg!$-*!c[7g5^e'W!
!!!!!!!!!!!!!! !!!7//!C1!)/X0%+/!



'2#/!6*.$-;/*!g2:%;0!

¥! 'A4PH*%C/-0%2-$4!*$+$!
¥! "2C:4%;$+/*!;2-0+#$%-+0!
¥! [NA$P2-!024.%-&!



[S$C:4/?!M%-/!Z%+T![##2#0!%-!q!$-*!l!

¥! 5AC/#%;$4!e/;%:/0!+/;=-%NA/!23!
C2*%D/*!;=%H0NA$#/!.$4A/?!

¥! g=%0!422(0!/S$;+41!4%(/!$-!
/NA$P2-!'iZhg!)%44!024./?!

¥! h3!)/!0/+!

! 2 =
! (yi ! a ! bxi )2

" 2
yi + b2" 2

xi

! 2 =
M!

i=1

r 2
i

r i =
yi − a− bxi!

! 2
yi + b2! 2

xi



Z%O-&!)%+=!q!$-*!l![##2#0!

¥! Mh5Zhg[q?!$!A0/#!3A-;P2-!)=%;=!%C:4/C/-+0!
+=%0!+/;=-%NA/!
!resid = (y - f)/sqrt(sigma_y^2 + (b*sigma_x)^2)

¥! ]/!;$44!'iZhg!)%+=!+=%0!A0/#!3A-;P2-!
p = mpfit('LINFITEX', [1d, 1d], $ 
             FUNCTARGS={X: XS, Y: YS, $ 
             SIGMA_X: XE, SIGMA_Y: YE}, …)

¥! L/C2!V'iZhgmMh5Zhg[qW!



Z%O-&!h-!g)2!L%C/-0%2-0!

¥! [S$C:4/!:#2X4/C?!
Ð! 6!C/+/2#!$::/$#/*!$-*!

/S:42*/*!-/$#!$!#/C2+/!
64$0($-!+2)-!

Ð! g=/!+2)-0:/2:4/!42;$+/*!
0/./#$4!C/+/2#%+/!3#$&C/-+0!
$-*!#/:2#+0!+2!A0!$+!42;$4!
2X0/#.%-&!0+$P2-!

¥! 92$4?!*/+/#C%-/!:2%-+!23!
C/+/2#!/S:420%2-!3#2C!
3#$&C/-+!42;$P2-0!

7+$P2-!

g2)-!

'/+/2#!
Z#$&C/-+0!



"/-+#2%*!i2%-+!

¥! ]/!$::#2S%C$+/!+=/!/S:420%2-!:2%-+!$0!+=/!;/-+#2%*T!VS;T1;WT!
+=/!:2%-+!)=%;=!=$0!+=/!0C$44/0+!r2%-+!*%0+$-;/!3#2C!$44!
3#$&C/-+0!

¥! 6&$%-T!+=%0!422(0!/S$;+41!4%(/!$!:#2X4/C!'iZhg!;$-!024./T!
/S;/:+!)%+=!%6,<"&$0!C$-1!#/0%*A$40!

min(dist 2) =
M∑

i =1

(xi ! xc)2 + ( yi ! yc)2

χ2 =
M∑

i=1

r 2
xi + r 2

yi



'iZhg!'2*/4!

¥! 'iZhg!)%44!A-*/#0+$-*!+=%0!%3!+=/!+)2!0/+0!23!#/0%*A$40!$#/!
$::/-*/*?!
FUNCTION MPFIT_CENT, P, X=X, Y=Y 
     resid_x = (x-p[0]) 
     resid_y = (y-p[1]) 
     resid = [resid_x, resid_y] 
     return, resid  
END

¥! L/C2-0+#$P2-!V'iZhgm'[g[^ehg[W!





c/0+!Z%+!
"/-+#2%*!



6**%-&!"2C:4/S!"2-0+#$%-+0!

¥! 5/)!'/+/2#%+/!
h-32#C$P2-p!
Ð! 7+$P2-!0/-02#0!*/+/;+/*!$!

4%&=+!<$0=!$-*!02-%;!X22CT!
$442)%-&!#$-&/!+2!X/!
*/+/#C%-/*!+2!GBKs!(C!

¥! ]/!-2)!(-2)!+=/!
/S:420%2-!:2%-+!4%/0!
02C/)=/#/!2-!+=/!;%#;4/!

¥! Q2)!;$-!)/!$**!+=%0!-/)!
%-32#C$P2-t!

GBKs!(C!



'iZhg!'2*/4!

¥! [S:#/00!+=%0!-/)!:$#$C/+/#!;2-0+#$%-+!$0T!

¥! cA+!=2)!;$-!)/!32#;/!'iZhg!+2!=2-2#!+=%0!
;2-0+#$%-+t!

¥! g#%;(?!#/H)#%+/!+=/!;2-0+#$%-+!+2!X/!$-2+=/#!
`#/0%*A$4bT!)=%;=!0=2A4*!/NA$4!FT!$-*!'iZhg!
)%44!024./!%+!$42-&!)%+=!$44!+=/!2+=/#!#/0%*A$40!

(xc − xs)2 + ( yc − ys)2 = R2 = (9 .56km)2



r 0 = 0
r 1 = 0

...
r M = 0

(xc − xs)2 + (yc − ys)2 − R2 = 0

5/)!"2-0+#$%-+p!



'iZhg!'2*/4!



5/)!c/0+!Z%+!
"/-+#2%*!



g)2!"2-0+#$%-+0p!

¥! [./-!5/)/#!'/+/2#%+/!
h-32#C$P2-p!
Ð! 6!0+$P2-!0+$u/#!2X0/#./*!

+=/!<$0=!.%0A$441!$-*!
2X+$%-/*!$!0%&=+!4%-/!23!Iv!
*/&!-2#+=!23!/$0+!

¥! ]/!-2)!(-2)!$!0/;2-*!
4%-/!23!;2-0+#$%-+!

¥! Q2)!;$-!)/!$**!+=%0!-/)!
%-32#C$P2-t!



r0 = 0
r1 = 0

...
r M = 0

(xc ! xs)2 + (yc ! ys)2 ! R2 = 0
tan(θ)(xc ! xs) + ys ! yc = 0

6-2+=/#!"2-0+#$%-+p!

yc = tan(! )(xc ! xs) + ys



'iZhg!'2*/4!

¥! 'iZhg!)%44!A-*/#0+$-*!+=%0!%3!)/!-2)!$::/-*!$!!
=3)*%7!#/0%*A$4!3A-;P2-?!
   … 
  resid_s = tan(sight_angle*!dtor)*(p[0]-xs) + ys - p[1] 
  resid = […, resid_s / sight_pos_tolerance] 

¥! L/C2-0+#$P2-!V'iZhgm'[g[^ehg[W!



5/)!c/0+!Z%+!
"/-+#2%*!



[NA$P2-!724.%-&!

¥! g=/!+)2!4$0+!;2-0+#$%-+0!%-!+=%0!:#2X4/C!$#/!
$42-/!/-2A&=!!;2C:4/+/41!0:/;%31!+=/!
/S:420%2-!:2%-+!

¥! ]/!*2-8+!/./-!-//*!*$+$p!

(xc ! xs)2 + (yc ! ys)2 ! R2 = 0
tan(! )(xc ! xs) + ys ! yc = 0



'iZhg!'2*/4!

¥! 'iZhg!)%44!A-*/#0+$-*!+=%0!%3!)/!(//:!2-41!+=/!
4$0+!+)2!;2-0+#$%-+!/NA$P2-0?!
  resid_r = (p[0]-xs)^2 + (p[1]-ys)^2 - radius^2  
  resid_s = tan(sight_angle*!dtor)*(p[0]-xs) + ys - p[1] 
  resid = [resid_r/tol, resid_s / sight_pos_tolerance] 

¥! L/C2-0+#$P2-!V'iZhgm'[g[^ehg[W!



[NA$P2-!
724AP2-!



"$./$+0!

¥! g=%0!+/;=-%NA/!*/:/-*0!2-!A0%-&!'iZhgT!-2+!
+=/!2+=/#!C2#/! ;̀2-./-%/-+b!#2AP-/0!

¥! h3!'iZhg!D-*0!$!024AP2-T!+=$+!*2/0!-2+!:#2./!
%+!%0!A-%NA/!V;2A4*!X/!CA4P:4/!024AP2-0pW!
Ð!L/:/-*0!2-!%-%P$4!;2-*%P2-0!

¥! h3!/NA$P2-0!$#/!:22#41!X/=$./*T!'iZhg!C$1!
&/+!0+A;(!
Ð!5//*!+2!$*rA0+!*/#%.$P./0!:$#$C/+/#0!.%$!

i6eh5Z^!



g$(/!6)$1!'/00$&/0!

¥! 'iZhg!%0!$!:2)/#!/NA$P2-!024./#!
¥! Z%O-&!'!:2%-+0!%0!rA0+!024.%-&!'!/NA$P2-0!
¥! 6**%-&!-/)!;2-0+#$%-+0!%0!0+#$%&=w2#)$#*T!rA0+!

$**!-/)!`#/0%*A$4b!/NA$P2-0!
Ð!%B/B!#/H/S:#/00!;2-0+#$%-+!$0!!

!!Vfunc%on) / (tolerance) f!F!

¥! ^+=/#!/0PC$+2#0!4%(/!`4/$0+!$X024A+/!
*/.%$P2-b!VM6LW!$-*!i2%002-!4%(/4%=22*!;$-!X/!
024./*!X1!)$#:%-&!+=/%#!/NA$P2-0!+2!422(!4%(/!$!
0AC!23!0NA$#/*!#/0%*A$40!



9/O-&!'iZhg!

¥! hLM!./#0%2-?!!=>:?@@:A#4B;2C@-/+@C:D+!
¥! "!./#0%2-!$+!0$C/!0%+/!


