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Rydberg atoms with principal quantum number n>1 have exaggerated atomic properties including
dipole-dipole interactions that scale as n* and radiative lifetimes that scale as n°. It was proposed a
decade ago to take advantage of these properties to implement quantum gates between neutral atom
qubits. The availability of a strong long-range interaction that can be coherently turned on and off is
an enabling resource for a wide range of quantum information tasks stretching far beyond the original
gate proposal. Rydberg enabled capabilities include long-range two-qubit gates, collective encoding of
multiqubit registers, implementation of robust light-atom quantum interfaces, and the potential for
simulating quantum many-body physics. The advances of the last decade are reviewed, covering both
theoretical and experimental aspects of Rydberg-mediated quantum information processing.
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FIG. 1. (Color online) Two-body interaction strength for
ground-state Rb atoms, Rb atoms excited to the 100s level,
and ions.

and have been used to demonstrate high fidelity gates
and small algorithms (Blatt and Wineland, 2008). Neu-
tral atom qubits represent another promising approach
(Bloch, 2008). They share many features in common
with trapped ion systems including long-lived encoding
of quantum information in atomic hyperfine states and
the possibility of manipulating and measuring the qubit
state using resonant laser pulses.

Neutral atoms distinguish themselves from ions when
we consider their state dependent interaction properties,
which are essential for implementing two-qubit quantum
gates. Figure 1 shows the dependence of the two-particle
interaction strength on separation R for singly charged
ions, ground-state neutral atoms, and Rydberg atoms.
The interaction of ground-state atoms is dominated by
1/R® van der Waals forces at short range and 1/R> mag-
netic dipole-dipole forces beyond about 30 nm. At spac-
ings greater than 1 um the interaction is weak, less than
1 Hz in frequency units, which implies that an array of
neutral atom qubits can be structurally stable. On the
other hand, excitation of Rb atoms to the 100s Rydberg
level results in a very strong interaction that has reso-
nant dipole-dipole character, scaling as 1/R?, at short
distances and van der Waals character, scaling as 1/RS,
at long distances. As will be discussed in Sec. II the char-
acteristic length scale R, where the Rydberg interaction
changes character depends on the principal quantum
number n. For the 100s state the crossover length is
close to R.=9.5 um, and at this length scale the ratio of
the Rydberg interaction to the ground-state interaction
is approximately 102,

The applicability of Rydberg atoms for quantum infor-
mation processing, which is the central topic of this re-
view, can be traced to the fact that the two-atom inter-
action can be turned on and off with a contrast of 12
orders of magnitude. The ability to control the interac-
tion strength over such a wide range appears unique to
the Rydberg system. We may compare this with trapped
ions whose Coulomb interaction is much stronger but is
always present. The strong Coulomb interaction is ben-
eficial for implementing high fidelity gates (Benhelm et
al., 2008b) but the always on character of the interaction
makes the task of establishing a many-qubit register ap-

Rev. Mod. Phys., Vol. 82, No. 3, July—September 2010

a) b)

- L
1,,3 2 113 2 ;

|‘ "

| |® 2n | |® \2m,

11>

10> Jog
control target control target

Ad=n Ag=0

FIG. 2. (Color online) Rydberg blockade controlled phase gate
operating on input states (a) [01) and (b) [11). Quantum infor-
mation is stored in the basis states 10), 1) and state 1) is
coupled to a Rydberg level |r) with excitation Rabi frequency
Q). The controlled phase gate is implemented with a three
pulse sequence: (1) 7 pulse on control atom [1)—|r), (2) 27
pulse on target atom |1)— |r)—|1), and (3) 7 pulse on control
atom |r)—|1). (a) The case where the control atom starts in 10)
and is not Rydberg excited so there is no blockade. (b) The
case where the control atom is in I1) which is Rydberg excited
leading to blockade of the target atom excitation.

pear more difficult than it may be for an array of weakly
interacting neutral atoms. Several approaches to scal-
ability in trapped ion systems are being explored includ-
ing the development of complex multizone trap tech-
nologies (Seidelin et al., 2006) and anharmonic traps (Lin
et al., 2009). We note that some of the attractive features
of Rydberg-mediated interactions may also be appli-
cable to trapped ion systems (Miiller et al., 2008).

A. Rydberg-mediated quantum gates

The idea of using dipolar Rydberg interactions for
neutral atom quantum gates was introduced in 2000
(Jaksch et al, 2000) and quickly extended to a meso-
scopic regime of many-atom ensemble qubits (Lukin ef
al., 2001). The basic idea of the Rydberg blockade two-
qubit gate is shown in Fig. 2. When the initial two-atom
state is [01) [Fig. 2(a)] the control atom is not coupled to
the Rydberg level and the target atom picks up a
phase shift. When the initial state is I11) both atoms are
coupled to the Rydberg level. In the ideal case when the
two-atom “blockade” shift B due to the Rydberg inter-
action is large compared to the excitation Rabi fre-
quency (), excitation of the target atom is blocked and it
picks up no phase shift. The evolution matrix expressed
in the computational basis {I00),I01),I10),I11)} is

10 0 0
0 -1 0 0

U=lo 0 -1 o | M
00 0 -1

which is a controlled-Z (C,) gate. As is well known
(Nielsen and Chuang, 2000) the C, gate can be readily
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converted into a controlled-NOT (CNOT) gate by includ-
ing /2 rotations between |0)«|1) on the target atom
before and after the interaction. The CNOT gate together
with single-qubit operations form a set of universal gates
for quantum computing (Nielsen and Chuang, 2000).

If the Rydberg levels |r) were stable, the approach of
Fig. 2 would enable gates with arbitrarily high fidelity.
Rydberg states of real atoms have a finite lifetime 7 due
to radiative decay. This leads to a tradeoff between fast
excitation which minimizes spontaneous emission and
slow excitation which maximizes blockade effectiveness.
We show in Sec. IV.C that the minimum error E of the
blockade gate scales as (Saffman and Walker, 2005a) E
~1/(B7)?? and also analyze the performance of several
alternative Rydberg-based gate protocols. We show that
a demonstration of gates with errors below £=0.001 ap-
pears to be a realistic goal.

The blockade concept, while not the only means of
performing Rydberg-mediated quantum information
processing, is attractive for several reasons. First, the
gate fidelity is to first order independent of the blockade
shift in the limit of large shifts. It is therefore not neces-
sary to control the value of the blockade shift, beyond
ensuring that it is sufficiently large. Second, the fidelity
of the entanglement protocol depends only weakly on
the center of mass atomic motion so that sub-Doppler
temperatures at the level of ~50 uK are sufficient for a
high fidelity quantum gate (Saffman and Walker, 2005a).
Undesired entanglement with external motional degrees
of freedom is thereby suppressed. Third, the interactions
are of sufficiently long range to allow gates between op-
tically resolvable atoms without having to physically
move them from place to place.

Numerous alternative proposals exist for two-atom
quantum gates including short-range dipolar interactions
(Brennen et al., 1999), ground-state collisions (Jaksch et
al., 1999), coupling of atoms to photons (Pellizzari ef al.,
1995), magnetic dipole-dipole interactions (You and
Chapman, 2000), optically controlled dipolar interac-
tions (Lukin and Hemmer, 2000), and gates with delocal-
ized qubits (Mompart et al,, 2003). Many-particle en-
tanglement mediated by collisional interactions has been
observed in optical lattice based experiments (Mandel et
al., 2003; Anderlini et al., 2007), but to date only the
Rydberg interaction has been successfully applied to
demonstration of a quantum gate between two neutral
atoms. We note that the Rydberg blockade gate is inher-
ently optimized for MHz-rate gate operations, a signifi-
cant advantage compared to alternative neutral atom
quantum gate proposals.

In experiments described in Sec. IV it is shown that
coherent excitation and deexcitation of single ground-
state atoms to Rydberg levels is feasible (Johnson et al.,
2008) and that Rydberg blockade can be observed be-
tween two atoms in spatially separated volumes (Gaétan
et al., 2009; Urban, Johnson, et al., 2009). The most re-
cent experiments in Madison and Palaiseau (Isenhower
et al., 2010; Wilk et al., 2010) have shown that the block-
ade interaction can be used to implement a two-qubit
CNOT gate and to create entanglement between pairs of
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atoms. As discussed in Sec. IV.C these initial demonstra-
tions generated relatively weak entanglement and suf-
fered from excess atom loss. Nevertheless it is realistic
to expect significant improvements in the next few years,
as experimental techniques are further refined.

In this review we focus on phenomena that involve
quantum states stored in ground hyperfine levels of cold
trapped atoms. Interactions between atoms rely on tran-
sient excitation of atom pairs to low angular momentum
Rydberg states using laser fields. There is never any long
term storage of information in the Rydberg levels. There
is also an alternative approach to coherent quantum dy-
namics that utilizes strong coupling between Rydberg
atoms and microwave photons inside high finesse reso-
nators (Raimond et al., 2001; Walther et al., 2006). In this
cavity quantum electrodynamics (CQED) approach rela-
tively long-lived microwave cavity fields may be thought
of as qubits, with moving atoms serving both to couple
the qubits and to control the preparation of nonclassical
field states (Bernu et al., 2008). Direct interaction be-
tween the atoms is never invoked.

A series of experiments elucidating the interaction be-
tween single atoms and single photons (Guerlin et al,
2007) and leading to the creation of two-atom entangle-
ment (Hagley et al., 1997) have been performed using
so-called “circular” Rydberg states with maximal mag-
netic quantum number |m|=n-1. These states have ra-
diative lifetimes that are close to 1000 times longer than
low angular momentum states of the same n. The long
coherence times together with the large dipole moments
between states of neighboring n have enabled creation
of atom-photon entanglement by shooting Rydberg at-
oms through microwave cavities. Introducing several at-
oms sequentially allows atom-photon entanglement to
be mapped onto atom-atom entanglement (Hagley et al.,
1997) despite the fact that the atoms have no direct in-
teraction.

The Rydberg CQED approach is quite complemen-
tary to the approach based on trapped atoms we focus
on in this review. In the CQED experiments the station-
ary qubits are microwave field states, and two-qubit in-
teractions are mediated by strong coupling between mi-
crowave fields and long-lived circular Rydberg states. In
contrast the trapped atom approach uses long-lived hy-
perfine qubits and direct interaction of relatively short-
lived Rydberg states to mediate the coupling between
hyperfine qubits. Nevertheless it is quite possible that
future developments will lead to a synthesis of elements
of both approaches. There are ideas for trapping the
circular states (Hyafil et al., 2004) which, if combined
with the direct interaction approach, could lead to excel-
lent gate fidelities due to the very large values of 7.

B. Rydberg coupled ensembles

The blockade gate of Fig. 2 operates between two in-
dividual atoms. However, Lukin et al. (2001) showed that
this can be directly extended to ensemble qubits, each
consisting of N atoms. The extension relies on the con-
cept of collective Rydberg blockade whereby excitation
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FIG. 3. (Color online) Ensemble qubits and rotations between

the logical basis states {|0),|1)}. Double excitation of the state
I1) is prevented by the two-atom shift B.

of a single atom to a Rydberg state can block the subse-
quent excitation of not just one but a large number of
atoms within the surrounding volume. As shown in Fig.
3 the blockade effect allows us to manipulate ensemble
qubits in a straightforward manner. We define an N

atom logical 0 by |0)=11%,|0,) and a logical 1 by the sym-
metric singly excited state |1_>:%V2f\:’1|0' -+1;++-0). Single-

qubit rotations in the logical basis {|0),|1)} are per-
formed with sequential two-photon transitions via the
Rydberg level |r) as shown in Fig. 3. Provided the block-
ade shift B is sufficiently large double excitation is pre-
vented and we have a closed two-level system with the
collectively enhanced Rabi frequency Qy=VNQ. Two-
qubit gates can then be performed between two en-
semble qubits or between a single atom and an ensemble
qubit in a fashion that is completely analogous to the
single-atom protocol of Fig. 2. It is also possible to cre-
ate higher-order collective excitation of the state |1) us-
ing sequential pulses with tailored Rabi frequencies cou-
pling |0)-|r) and |r)-|1). Such states are of interest for the
generation of multiphoton wave packets (Lukin et al.,
2001; Nielsen and Mglmer, 2010).

A requirement for the validity of the ensemble qubit
picture is that a blockade interaction is present for all
atoms in the ensemble (Lukin et al., 2001). The probabil-
ity of unwanted double excitation is determined by the
off-resonant excitation to the doubly excited states that
are shifted by an amount B due to the blockade effect.
In the limit of strong blockade, the probability of double
excitation is

N-103%

et 2
2 N 282’ ( )

where the blockade shift is (Walker and Saffman, 2008)

1 2 |K(pij|2
— = . 3
B? N(N—l)%,% A%, ®)

Since there are generally a number of possible doubly
excited states |¢) for atoms i and j, Eq. (2) depends on
the dipole-dipole energy shift A ; of each state, and on
the associated Rabi coupling for exciting a pair of atoms
to state |¢), parametrized by the dimensionless factor
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kg Equation (3) shows that the blockade shift is domi-
nated by the weakest possible atom-atom interactions;
in an electrical circuit analogy the blockade shift can be
thought of as an impedance B? that is formed by a par-
allel network of individual impedances, each of size
~(N2/2)[E,-<]-|K¢ij|2/A(2Pij]‘]. Weak blockade on any atom-
pair state |@) permits efficient two-atom excitation and
acts to short circuit the effectiveness of the blockade
process. A detailed accounting for the multitude of dou-
bly excited states and their interactions is therefore cru-
cial to achieving a strong N atom blockade. We review
the relevant Rydberg physics in Sec. II and derive Eqgs.
(2) and (3) in Sec. IIL.A.

The powerful idea of Rydberg blockade has led to a
large amount of theoretical and experimental work and
has been further developed far beyond the original pro-
posals (Jaksch et al., 2000; Lukin et al., 2001). Promising
ideas exist for such disparate tasks as deterministic
single-atom loading (Saffman and Walker, 2002), spin
squeezing of atomic ensembles (Bouchoule and Mglmer,
2002), collective encoding of many-qubit registers
(Brion, Mglmer, and Saffman, 2007; Saffman and
Mglmer, 2008), nonlocal gates by coupling to microwave
resonators (Sgrensen et al., 2004; Petrosyan and Fleisch-
hauer, 2008), and long-distance entanglement and quan-
tum communication (Saffman and Walker, 2002, 2005b;
Pedersen and Mglmer, 2009). Rydberg blockade has also
been proposed as a means of generating many-particle
entanglement (Unanyan and Fleischhauer, 2002; Mgller
et al., 2008; Miiller et al., 2009; Saffman and Mglmer,
2009) as well as a basis for dissipative quantum many-
body simulations (Weimer et al., 2010).

The difficulty of achieving perfect blockade has stimu-
lated renewed theoretical interest in the classical prob-
lem of the structure and strength of the dipole-dipole
interaction between atoms in excited states (Gallagher,
1994; Gallagher and Pillet, 2008). Recent work has elu-
cidated the transition from a near-resonant 1/R* Forster
interaction (Forster, 1948) at short range to a long range
1/R% van der Waals interaction (Protsenko et al., 2002;
Li et al., 2005; Walker and Saffman, 2005). In addition it
was found that pairs of atoms can couple to noninteract-
ing “Forster zero states” which evade the Rydberg
blockade (Walker and Saffman, 2005, 2008) unless spe-
cial care is taken in the choice of atomic states and rela-
tive orientation. However, the physics of Rydberg block-
ade turns out to be subtle and contains some unexpected
twists. For example, recent work showed (Pohl and Ber-
man, 2009) that the addition of a third atom can create a
noninteracting zero state that can be accessed by a weak
three-photon excitation even when the two-photon exci-
tation is well blockaded (see Sec. II.LE). Advances in the
theoretical description of Rydberg blockade in many-
atom samples are reviewed in Sec. V.

In parallel with the theoretical developments there
has been a great deal of experimental activity in the
field. Experiments performed in the early 1980s with
atomic beams provided the first direct observations of
many-body Rydberg interaction effects (Raimond et al.,
1981; Safinya et al., 1981; Gallagher et al., 1982). Using
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FIG. 4. (Color online) Preparation of the symmetric singly ex-
cited state (4). Radiative decay of this state produces a photon
in the phase matched direction kj as shown in the inset for
N=50 atoms. Adapted from Saffman and Walker, 2002.

modern cold atom techniques a number of recent ex-
periments have reported the observation of excitation
suppression due to Rydberg interactions in small dense
samples (Singer et al., 2004; Tong et al., 2004; Cubel Lie-
bisch et al., 2005; Afrousheh et al., 2006; Vogt et al., 2006;
van Ditzhuijzen et al., 2008) and collective effects in co-
herent excitation (Cubel et al., 2005; Heidemann et al.,
2007, 2008; Raitzsch et al., 2008; Reetz-Lamour, Amthor,
et al., 2008; Reetz-Lamour, Deiglmayr, et al., 2008).
Other recent work has explored novel quantum and
nonlinear optical effects due to interaction of light with
Rydberg excited samples including superradiance (Wang
et al., 2007; Day et al., 2008), electromagnetically in-
duced transparency (Mohapatra et al., 2007; Bason et al.,
2008; Weatherill et al., 2008; Pritchard er al., 2009), and
four-wave mixing (Brekke et al., 2008). These experi-
ments, reviewed in Secs. V and VI, have shown the ex-
istence of long-range Rydberg interactions, and in some
cases signatures of blockade, but have not yet reached
the strong blockade regime of only a single atomic exci-
tation that is crucial for quantum information applica-
tions of ensemble qubits.

Part of the current interest in Rydberg coupled en-
sembles stems from their use for creating a light-atom
quantum interface and long-distance entanglement. It
was recognized early on that Rydberg blockade could be
used to deterministically create symmetric entangled
states with unit excitation (Lukin et al., 2001) and with
controllable emission characteristics (Saffman and
Walker, 2002). The basic idea is shown in Fig. 4 where a
multiphoton excitation is used to prepare an ensemble
in the state

N
1 .
Vo) = =2 e*|p)) © [0),. @)
VN j=1

Here |p)=10---p; --0) is shorthand for the state with
atom j at position r; excited, the other atoms in their
ground state 10), and |0), is the vacuum state of the pho-
ton field. This state, containing a single excitation collec-

tively shared among the atoms, with a position-
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dependent complex phase is prepared with three laser
fields. The first two with wave vectors k;,k, drive a reso-
nant excitation into a Rydberg state, where the blockade
interaction prevents transfer of more than a single atom.
A resonant 7 pulse with wave vector kj hereafter drives
the atomic excitation into the excited state |p), produc-
ing the state (4) with ko=k; +k,—ks. As discussed in Sec.
VI spontaneous decay of this state preferentially creates

|\P> = |6> ® |k0>v’ (5)

with all atoms in the ground state and a photon emitted
at the phase-matched wave vector k.

The use of Rydberg blockade is significant since it
would provide deterministic ensemble preparation and
single-photon generation without the requirement of a
deterministic single-photon source which is otherwise
needed to remove the probabilistic character of non-
blockade based schemes (Duan et al., 2001). In Sec. VI
we discuss the use of Rydberg-mediated light-atom in-
terfaces for applications such as single photon on de-
mand generation and entanglement generation between
remote ensembles (Saffman and Walker, 2005b; Peder-
sen and Mglmer, 2009).

In the remainder of this review we expand upon the
topics discussed above, presenting a comprehensive pic-
ture of the current theoretical and experimental state of
the field of Rydberg-mediated quantum information
processing. We conclude in Sec. VII with a summary and
outlook for the future.

II. RYDBERG ATOMS AND THEIR INTERACTIONS

As described in the Introduction, the success of block-
ade for quantum manipulation of atoms at large dis-
tances depends on the interactions between the atoms in
their Rydberg states. In this section we review the rel-
evant Rydberg physics. Here and in the rest of the paper
apart from Sec. V.E, we exclusively discuss the situation
for the heavy alkali atoms Rb and Cs. The alkalis in
general are the most convenient elements for laser cool-
ing, and the heavy alkalis are best suited for qubit en-
coding due to the large hyperfine splittings in the excited
manifolds of the first resonance lines, which facilitates
qubit measurements by light scattering.

A. Properties of Rydberg atoms

The properties of Rydberg atoms are reviewed in sev-
eral books (Stebbings and Dunning, 1983; Gallagher,
1994) and also in some recent reviews (Choi et al., 2007,
Gallagher and Pillet, 2008). We consider here those ele-
ments of most importance for current blockade experi-
ments, emphasizing low angular momentum states that
are readily accessible via optical excitation from the
atomic ground state. In the absence of perturbing fields,
the energy levels are represented by quantum numbers
n, I, s, and j denoting the traditional principal, orbital
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FIG. 5. Energy levels of Rb Rydberg states near n=90.

angular momentum, spin angular momentum, and total
angular momentum quantum numbers. The energy lev-
els are accurately represented by

.. R
" In- g P

where Ry=109 737.315 685 cm™! is the Rydberg constant
and the quantum defect §j(n) is a slowly varying func-
tion of the principal quantum number. The quantum de-
fect is closely related to the scattering phase shift for low
energy electron-ion scattering (Fano and Rau, 1986).
With the exception of low-lying s states, hyperfine inter-
actions are generally negligible.

High fidelity entanglement at large interatomic sepa-
rations necessarily involves MHz scale operations due to
the finite lifetime of Rydberg levels. Viewed at MHz
resolution, the fine-structure splitting is large in the p
and d states of the heavy alkalis up to n=100, while the
f state fine-structure levels are resolved below about n
=50. A portion of the Rb Rydberg energy level structure
around n=90 is shown in Fig. 5. The energy level struc-
ture of Rb and Cs has recently been discussed by Walker
and Saffman (2008).

The wave functions of Rydberg states |nljm]~>
=P, (r)|ljim;)/r can be conveniently calculated from
quantum-defect theory (Seaton, 1958) using hypergeo-
metric functions available in most numerical libraries.
The radial matrix elements

(6)

! = f rPyy (N P(r)dr (7

are of particular importance because they govern the
interaction of the Rydberg atoms with both external and
internal electric fields that shift the atomic energy levels.
These matrix elements can be calculated by numerical
integration of the quantum-defect wave functions by nu-
merical integration directly from model potentials (Ma-
rinescu et al., 1994) or, perhaps most conveniently, using
analytical formulas derived by a semiclassical WKB
analysis (Kaulakys, 1995).

The radial matrix elements for dipole allowed transi-
tions with /'=/+1 between states with n>1 are domi-
nated by transitions between the states with the closest
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FIG. 6. (Color online) Excited-state lifetimes due to radiative
decay for 7=0 and 7=300 K for s, p, d, and f states of Rb.
From Saffman and Walker, 2005a.

eigenenergies and hence similar radial wave functions.
These largest matrix elements are generally of order
(0.5-1.5)n’a,, with a, the Bohr radius. For example, the
matrix elements from n/=90d to (91p, 92p, 89f, 88f) in
Rb are (1.3,0.76,1.3,0.80)n’a,; the matrix elements to
all other states are less than 0.17n%a,. Thus in most situ-
ations the electric field shifts (for small fields) and the
interatomic potentials can be understood by focusing on
the effects of the two (for s states) or four neighboring
[+1 energy levels.

The radiative and blackbody lifetimes of the low an-
gular momentum Rydberg states (Gallagher, 1994) set
fundamental limits on the fidelity of coherent opera-
tions. If the 0 K lifetime is 7)), the finite temperature
lifetime is

1 1 1 ®)
S
A

where 70" is the finite temperature blackbody contribu-

tion. The 0 K radiative lifetime can be parametrized by
(Gounand, 1979)

il =7 (), 9)

with constants enumerated by Gallagher (1994). For all
the alkalis a;=3. For large n the blackbody rate can be
given as (Gallagher, 1994)

1 4a®k,T

E: 3hn? (10)

nl

where « is the fine-structure constant. Equation (10) in-
cludes transitions to continuum states so that it accounts
for blackbody induced photoionization. Both blackbody
transfer and ionization have recently been considered by
Beterov et al. (2007, 2009). Figure 6 shows the radiative
lifetime for low-/ states of Rb. We see that for n>50 the
s, p, d, and f states have lifetimes greater than about
50 wus at room temperature. Thus, for high fidelity Ryd-
berg manipulations, it is necessary to use MHz-scale op-
erations.
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The large dipole matrix elements also imply that
Rydberg states are extremely sensitive to small low-
frequency electric fields. This may be a problem or a
feature for coherent optical manipulation. On the one
hand, this sensitivity requires that electric fields be well
controlled to avoid frequency fluctuations. On the other
hand, it also makes it possible to tune the strength and
angular dependence of Rydberg-Rydberg interactions
using such fields.

For small dc electric fields E such that the dipole cou-
plings e(r)E are much less than the energy difference AE
of the nearest opposite parity state, the Stark effect is
quadratic and the shift is at most of order
—(e{rYE)*/AE ~%°n"E?/m3e®. In fact the shift is often
substantially smaller than this due to partial cancellation
of states with equal and opposite AE, as can be inferred
from Fig. 5, that tend to cause shifts in opposite direc-
tions. Even so, the electric field stability required to hold
Stark shifts below 1 MHz is typically of order
0.01(100/n)"? V/cm.

In higher electric fields, mixing of opposite parity
states gives the atom an electric dipole moment of order
n’ea, and hence a linear Stark effect. This may be desir-
able to get the strongest possible Rydberg-Rydberg in-
teractions (see Sec. I1.D), but stability requirements be-
come more problematic, about 104(100/7)> V/cm for a
1 MHz shift.

The response of Rydberg atoms to optical frequency
fields is primarily through ac Stark shifts (see Sec.
IV.A.2) and photoionization. Since the Rydberg electron
spends the vast majority of its time far from the ionic
core, to a good approximation it is a free electron, and in
a high-frequency field it therefore feels a repulsive force
from the ponderomotive potential (Dutta et al., 2000).
While inside the core, however, it can absorb a photon,
resulting in photoionization. In the mK deep optical
traps that have been used to date for blockade-based
quantum operations, the photoionization rates can ap-
proach 10°/s (Saffman and Walker, 2005a; Johnson et al.,
2008). A discussion of photoionization, including the
wavelength dependence, has been presented by Pot-
vliege and Adams (2006).

B. From Forster to van der Waals

Successful Rydberg-mediated entanglement of atoms
is only possible due to the large interatomic potentials
that arise from the large dipole moments of Rydberg
atoms. As described below, the Rydberg blockade con-
cept requires that the Rydberg-Rydberg interaction be
much stronger than the Rabi coupling of the Rydberg
atoms. When this condition, to be quantified below, is
satisfied, the entanglement produced is insensitive to
first order in the Rydberg-Rydberg interaction. Thus the
strength of the interaction does not have to be precisely
controlled. This in turn lessens the requirements on
atomic position and temperature control.

Due to the extreme electric field sensitivities of Ryd-
berg states, if possible it is desirable to get the strongest
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possible interactions in the absence of applied fields. In
this section we discuss the properties of dipole-dipole
interactions between Rydberg atoms in this limit. This
limit has been discussed in several recent papers (Flan-
nery et al., 2005; Singer et al., 2005; Walker and Saffman,
2005, 2008; Stanojevic et al., 2006, 2008; Reinhard et al.,
2007).

At interatomic distances R>n’a, separating two
Rydberg atoms A and B, the leading electrostatic inter-
action is the dipole-dipole interaction

2
Vdd:%(a-b—SwRR-b), (11)

where a and b are the positions of the two Rydberg
electrons measured from their respective nuclei. At such
large distances, overlap between the atoms can be ne-
glected.

In most realizations of blockade, the two atoms are
excited by light to the same fine-structure level so that
the two-atom state for R=% can be written

) = [Waths) = [huijth) (12)

and the dipole-dipole interactions experienced by atoms

in this state are of primary interest.' In the absence of
external fields, this state has a degeneracy of (2j+1)?,
where j is the total electronic angular momentum. The
dipole-dipole interaction causes transitions to other two-
atom states where the angular momentum quantum
numbers of each electron obey the usual dipole selection
rules, namely, /,,/,=[+1, j,,j,=j+0,1. Including con-
tinuum states, there are an infinite number of such
states, but in practice the dipole-dipole interaction is
dominated by a small number of the closest two-atom
states of this type. To illustrate, Fig. 7 shows the energy
level structure centered around the |60p5,60p5),) state of
Rb at zero relative energy. If we restrict changes in the
principal quantum numbers to at most +8, there are 18
two-atom states within +4 GHz of the initial state. De-
spite the large number of states the interactions are
strongly dominated by coupling between |60ps,60ps3/,)
and |60s,,,61s1,,). This is because the energy difference is
small and the dipole matrix elements are largest. Other
states with larger offsets in the principal quantum num-
bers have much smaller dipole matrix elements (Walker
and Saffman, 2008) and do not play a significant role.
The cluster of |p]~pj) states near —2 GHz will only affect
the |60s61s) weakly and thus have only a small indirect
effect on the |60p;,60ps,) energy. To an excellent ap-
proximation, the long-range behavior of the
|60p3,,60p3,,) states is dominated by interactions with
|60s61s).

Thus we can consider the long-range interaction be-
tween Rydberg atoms as arising predominantly from two
coupled channels nlj+nlj and n,l,j,+nyl,j, with an en-

There are, however, cases where excitation of pairs with the
same /,j but different n can lead to stronger interactions (Han
and Gallagher, 2009).
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1) 53s1/2; 738112
2) 54d5/2; 65d5/2
3) 54d5/2, 65d3/2
4) 54d3,; 65d5),
5) 54dg ; 650
6) 5751)2; 63ds),
7) 5781/2; 63d3/2
8) 6051/2; 6131/2
9) 60p3,; 60p3/,
10) 56p3/2; 65p3/2
11) 59p3)p; 61p3)n
12) 56p3;0; 65p1)2
13) 56[31/2; 65p3/2
14) 59p35; 61p1)2
15) 39p,2; 61p3)2
16) 56p1/2; 65p1/2
8 17)59p4/5; 61pqpn
18) 5951/2; 6251/2
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FIG. 7. (Color online) Two-atom energy levels connected to
the |60p3,60ps),) state by the dipole-dipole interaction.

ergy defect 6=FE(ng,l,j,)+Enylyj,)—2E(nlj). Note that
for the purposes of blockade we are not interested in
actual population transfer between the channels (which
would be detrimental), but rather in the energy shift of
the nlj+nlj levels due to the interaction with the n,/j,
+npl,j, manifold of states.

In this two-level approximation, the corresponding
Forster eigenstates are linear combinations of states
from the different channels (Walker and Saffman, 2008).
Representing the nlj+nlj components of the wave func-
tion as |¢) and the n,l,j,+n,lyj, components as |x), the
time-independent Schrodinger equation describing the
dipole-dipole interaction is

6.1, V,
( TX dd)<|X>):A<|X>>' (13)
Via 0-1,/\|¢) )
Here Vg is a 2(2j,+1)(2j,+1) X (2j+1)? operator,” while
I, and I, are identity matrices on the 2(2j,+1)(2j,+1)
and (2j+1)? dimensional Hilbert subspaces of the |x) and

|¢) wave function components, respectively. Solving for
[x) as

_ VY
A-6

Ix) le)

and substituting this into the second row of Eq. (13)

leads to the nonlinear eigenvalue equation for |¢):

ViaVaa

A5 @ =Ale (14)

The solutions of this equation are determined uniquely
by eigenvalues and eigenvectors of the matrix VZldVdd.
Since all matrix elements of this operator share matrix

22=1if (ng,1,.j)=(np.1y.jp) and 2=2 otherwise.
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FIG. 8. (Color online) Dipole-dipole interactions for two 60s
Rb atoms are significantly reduced from the resonant Forster
case (0=0) for real Rb atoms with §#0.

elements, C3:e2<r>Z71"(r>f,}’lb and a 1/R® dependence on
interatomic distance, it is natural to parametrize these
van der Waals eigenstates with eigenvalues D, which in
most cases lie between 0 and 1 by

C2
ViaVad € = 22 Dil). (15)

Inserting these solutions, we can proceed and solve Eq.
(14) for the Forster energy eigenvalues A,

S & G
A(R) = - sgn(d) ‘/Z + R—gD(P, (16)

which constitute the R-dependent potential curves be-
tween the atoms, correlating asymptotically to the nlj
+nlj eigenstates for large R. These are the states
coupled to the qubit states by the laser fields and for
which we are interested in the energy shifts due to the
Rydberg-Rydberg interaction.

It is convenient to define a crossover distance R, via
0=Cj3 V@/ R? that denotes the region where the energies
transition from the van der Waals to the resonant form.
At large distances R> R, the energy shift is of the clas-
sic van der Waals form A¢QC§D¢/ SRS. At small dis-
tances, R<R,, the two channels are effectively degener-
ate and the energy is

A, = —sgn(8)C3\DJR?, (17)

This gives the largest possible interaction energy be-
tween two nonoverlapping Rydberg atoms. A plot of the
interaction energy for a pair of 60s Rb atoms (&
=1.7 GHz) is shown in Fig. 8, along with the hypotheti-
cal interaction energy for 6=0. The nonzero energy de-
fect results in a substantial reduction in the interaction
energy for the actual case.

The van der Waals interaction typically scales as n'!
(Boisseau et al., 2002; Singer, Reetz-Lamour, et al., 2005;
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FIG. 9. (Color online) Interaction potentials for 43ds),

+43ds5, Rb Rydberg atoms. The cutoff radius R, represents
the distance scale for the transition from resonant dipole-
dipole to van der Waals behavior.

Walker and Saffman, 2008), except in cases where the
quantum defects give nearly zero Forster defect for spe-
cial values of n (Walker and Saffman, 2008). Thus it is
generally advantageous to work at as high a principal
quantum number as is practical. The resonant Forster
interaction scales only as n*, so for high principal quan-
tum numbers, often around n=100, the atoms are in the
resonant limit at 5—10 um distances.

Due to the Zeeman degeneracies of the states at zero
external field, there is typically a range of values D, for
any given set of angular momenta. In fact, for most
channels there are one or more Forster-zero states with
D,=0 (Walker and Saffman, 2005, 2008). It turns out
that Forster zeros exist for all single channels except
those with j,=j,=j+1, with j the angular momentum of
the initial states. Since Forster-zero states can usually be
excited by the lasers, they allow doubly excited states to
be resonantly populated so that the blockade will not
work. Even when multiple channels are considered,
there is often one or more states with nearly zero van
der Waals interaction. As an example, we show in Fig. 9
the potential energies for the interaction channel 43ds),
+43ds;,—45p3p+41fsp7, in Rb, which has extremely
small energy defects of 6=-6.0,-83 MHz for jy
=5/2,7/2 and so might be normally expected to have
promising blockade characteristics (Reinhard ef al.,
2007; Walker and Saffman, 2008). The two (j=5/2,7/2) f
states break the conditions for the existence of Forster-
zero states. Nevertheless, there are states with extremely
small D, resulting in poor blockade. In Fig. 9 these
states are the nearly flat ones that correlate to 43ds),
+43ds), at large R.

It is important to point out that s states generally do
not have Forster zeros; in the limit of small fine-
structure splitting in the p levels the Forster eigenener-
gies are degenerate, with D =4/3. These states are
therefore natural choices for blockade experiments. Un-
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FIG. 10. (Color online) Angular dependence of blockade shift
for 43d5/2, m:1/2, 45S1/2, 55&'1/2, and 58.5'1/2 at R=10 m with 6
the angle between the molecular axis and Z.

fortunately, excitation Rabi frequencies from the low-
lying p states are typically a factor of 3 smaller than for
d states in Rb. This and other technical reasons led to
the choice of d states for several recent experiments
(Johnson et al., 2008; Gaétan et al, 2009; Urban,
Johnson, et al., 2009).

C. Angular dependence

The critical measure of the interaction strength for
Rydberg blockade is the blockade shift of Eq. (3). In
zero external field, rotational invariance requires that
the Forster eigenenergies A,; depend only on the dis-
tance R;; between atoms i and j, but the coupling of the
corresponding eigenstates to the excitation light «; de-
pends on the angle between the interatomic axis and
light polarization. A typical three-dimensional (3D) dis-
tribution of atoms includes pairs with arbitrary relative
orientations so that laser fields with laboratory fixed po-
larizations will generally couple to all possible two-atom
eigenstates, including those with weak interactions. The
blockade shift is an inverse-square average of the inter-
action strengths and so is particularly sensitive to states
with small A . For reduced-dimension geometries such
as long cylinders, the effects of small A, may be miti-
gated by polarization choices that also give small «;.
However, in a spherical sample the atoms will have ran-
dom orientations and the blockade strength will be
dominated by those orientations with the weakest block-
ade shifts. These points are discussed by Walker and
Saffman (2008).

Examples of angular dependences of the blockade
shifts are given in Fig. 10. Excitation by Z-polarized light
has been assumed. For pairs of s-state atoms, the block-
ade is nearly spherically symmetric (the weak departure
from spherical symmetry is due to the fine-structure
splitting of the p states), while for 43ds, atom pairs
there is a considerable variation with angle. The small
Forster defect of 43d5,, produces a much stronger, albeit
anisotropic, interaction for most angles than the nearby
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FIG. 11. (Color online) Comparison of the blockade shift B at
R=10 um for interacting Rb 41s;,—-40p;/, atoms as compared
to van der Waals blockade for two 41s,, or 40p;,, atoms. All
atoms have magnetic quantum number m=1/2.

in energy 45s, state. In order to obtain a comparable
isotropic interaction strength it is necessary to use a
5551, or higher state.

Rydberg atoms in states with / differing by 1 experi-
ence the dipole-dipole interaction in first order so the
interaction scales with distance as 1/R3. This case was
observed spectroscopically by Afrousheh et al. (2004,
2006). The van der Waals interaction between states of
the same / is much weaker at long range, scaling as 1/R°.
The use of this interaction asymmetry for efficient cre-
ation of multiparticle entanglement was proposed by
Saffman and Mglmer (2009) (see Sec. V.F.2). An ex-
ample of the blockade shifts for s+p;), states, including
a comparison to the van der Waals case, is shown in Fig.
11. We see that the asymmetry is more than two orders
of magnitude over the full angular range.

D. Tuning the interaction with external fields

The interactions between the Rydberg atoms are gen-
erally sensitive to the application of external magnetic
and electric fields. An extreme case occurs when an elec-
tric field is applied of sufficient strength to mix states of
different parity. The atoms then acquire a permanent
electric dipole moment (d), and the dipole-dipole inter-
action to first order becomes

1 A A
Vaa= F((d? - 3(d)-RR (d)). (18)

Since the dipole moments are usually of order n’ea,, this
is a very strong but anisotropic interaction that may
work well for blockading anisotropic samples. A weak-
ness of this situation is that the atomic energy levels are
also sensitive to electric field fluctuations that may inho-
mogeneously broaden the Rydberg excitation line.

In other cases, it is possible to use electric fields to
tune certain Zeeman states into a Forster resonance to
give dipole-dipole interactions of order n*e’a}/R>. This
is illustrated in the early experiment of Anderson et al.
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FIG. 12. Tuning of Forster resonances with an electric field.
From Carroll et al., 2004.

(1998), more recently by Vogt et al. (2007), and discussed
in the recent review of Gallagher and Pillet (2008).
Again, this generally results in a strong but anisotropic
blockade shift. Resonant transfer between spatially
separated samples was observed and studied by
Tauschinsky et al. (2008) and van Ditzhuijzen et al. (2008,
2009), and simulated by Carroll et al. (2009). Double-
resonance spectroscopy was used by Reinhard et al
(2008) to directly observe the difference between van
der Waals and resonant dipole-dipole interactions. The
effects of dc electric fields on Rydberg-Rydberg interac-
tions are treated by Schwettmann et al. (2006).

A possible way to dc field-enhance dipole-dipole in-
teractions while minimizing field broadening of the op-
tical resonance is illustrated by Carroll er al (2004,
2006). They used relatively field insensitive 32d states for
optical excitation, while coupling to a field-sensitive
Forster resonance. This is shown in Fig. 12. By exciting a
long narrow tube of atoms, they also observed the angu-
lar dependence of the interaction.

Another tool for tuning the atom-atom interactions
with external fields is to use resonant or near-resonant
microwave fields. For example, Bohlouli-Zanjani et al.
(2007) used the ac-Stark shift from near-resonant micro-
waves to tune the near Forster resonance between
Rb 43ds, atoms shown in Fig. 9, enhancing energy-
transfer collision rates. They then demonstrated reso-
nant f-g microwave coupling to accomplish the same
purpose (Petrus et al., 2008). As with the Carroll et al.
(2004) experiment, this coupling has a relatively small
effect on the energies of the initial d states.
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FIG. 13. (Color online) Blockade interaction of Rb 43ds,
states as a function of the magnetic field applied along the
quantization axis and R=10 um. The solid (dashed) lines are
for excitation of m=1/2 (5/2) states and @ is the angle between
the applied field and the molecular axis.

Modest magnetic fields can also strongly affect the
Rydberg-Rydberg interactions by breaking the Zeeman
degeneracy that produces Forster zeros. An example is
given in Fig. 13, which shows the blockade shifts of the
43ds,+43ds), states as a function of magnetic field. The
states with maximal magnetic quantum number m=5/2
are quite insensitive to magnetic fields since there is only
one combination of Zeeman levels with the same total
M=m+m=5. On the other hand, the m=1/2 states are
strongly dependent on magnetic field since it breaks the
degeneracy between the M=1 Zeeman pairs (1/2,1/2),
(-1/2,3/2), and (-3/2,5/2). The extent to which the la-
ser excited states couple to the molecular eigenstates is
also angle dependent, hence the different behavior seen
for /=0 and 7/2. Magnetic field effects were demon-
strated experimentally by Afrousheh e al. (2006) who
used a small magnetic field to reduce resonant dipole-
dipole interactions. Conversely Urban, Johnson, et al.
(2009) used a magnetic field in a well-controlled geom-
etry to increase the interaction strength.

E. Three-body Forster interactions

It might be expected that under conditions of strong
blockade for atom pairs, three-atom states would be fur-
ther off-resonance. However, Pohl and Berman (2009)
showed that for three two-level atoms interacting via the
Forster mechanism there are triply excited states that
are noninteracting. This “breaks” the blockade in the
sense that resonant two-photon transitions can occur be-
tween the singly excited state and the triply excited
state. However, the two-photon Rabi coupling to the tri-
ply excited states is via the doubly excited state that is
off-resonance by 1/Ay,. Thus the probability of three-
atom excitation is of order Q?/A},, similar to the block-
ade error of Egs. (2) and (3) that will be considered in
the next section.
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III. RYDBERG GATES

In this section we discuss a variety of approaches to
implementing neutral atom gates with Rydberg interac-
tions. Prior to discussing the various protocols we pro-
vide a derivation of the blockade shift of Eq. (3) follow-
ing the analysis of Walker and Saffman (2008). The
original blockade gate of Jaksch ef al. (2000) is then ex-
amined in Sec. III.B followed by consideration of alter-
native approaches in Sec. III.C. We restrict our attention
to gates that operate between single-atom qubits. These
primitives will find use for ensemble and collective gates
and as building blocks for many particle entanglement
protocols in Secs. V.C, V.D, and V.F Since the Rydberg
interaction is long ranged (see Fig. 1), it is natural to ask
what the limit is on the number of qubits in a fully con-
nected register. We compare the limits as a function of
the space dimensionality of the qubit array in Sec. I11.D.

A. Blockade interaction

Consider a cloud of N atoms with internal ground
states |g) and Rydberg states |y) with g,y shorthand for
the full set of quantum numbers needed to specify the
states. We are interested in the situation where blockade
is active and assume that at most two atoms can be si-
multaneously excited to a Rydberg state. Thus the
atomic cloud can be in the possible states

|g), |vk), and |@kl), (19)

representing all the atoms in the ground state, the kth
atom in the singly excited Rydberg state 7y, and the kth
and /th atoms in the doubly excited Rydberg state ¢
respectively. The label ¢ denotes eigenstates of the
Forster Hamiltonian of Eq. (14): Hd@kl)=A 1| ekl).

The light-atom coupling at atom k is described by an
electric dipole Hamiltonian 7, and an excitation Rabi
frequency Q. =(2/%h){yk|H|g). We define an N-atom
collective Rabi frequency by

Qy= |2 10,2 = VN, (20)
vk

where () is the rms single-atom Rabi frequency averaged
over all atoms in the ensemble. With this definition we
can write a normalized singly excited state as

Q
)= aﬁlvk%
vk N

and the wave function for the N-atom ensemble as

) =cllg) +cols) + 2 coulokl). (21)

@,k<l

This expression is valid to first order in [2/B|, where B is
the blockade shift defined in Eq. (3).

Using the above definitions, the Schrodinger equa-
tions for the ground, symmetric singly excited state, and
the doubly excited states are
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ic= TNCS’ (22a)
Qv
iCg=—Co+ — K Cokls (22b
ST 2 TN w§<l okl® ekl )
ic(pkl = A<pklc<pkl + WNKMCICS‘ (220)

Here the overlap amplitudes between the optically ex-
cited states and the Forster eigenstates are given by
K= (41 12Q7) okl HH|g).

We are now ready to calculate the effectiveness of
Rydberg blockade. Assume we start in the ground state
|4y =|g) and apply a 7 pulse: Qyt=. With the assump-
tion that there is a strong blockade, the doubly excited
amplitudes are small and c¢¢(¢) =1. Making an adiabatic
approximation to Eq. (22¢) we get

o= QNngklc
okl NA S
okl

and the probability of double excitation is

Q 2
Py= 2 |c<pkl|2:| ol >

2
@,k<l N @,k<l

2
Kok | (23)

A okl

It is critical to note that, given relatively even excitation
of the two-atom Rydberg states, it is an average of
1/ A?pk! that determines the blockade effectiveness. This
means that Rydberg-Rydberg states with small interac-
tion shifts are much more strongly weighted than those
with large energy shifts. We define a mean blockade shift
B via

1 2 |K k1|2
—= P (24)
B> N(N-1) o.k<l A?pkl

Then the probability of double excitation becomes
CN-1]O0N
7N 2B

(25)

This shows that for fixed Q, the frequency of the col-
lective oscillation, the probability of double excitation is
virtually independent of the number of atoms in the en-
semble.

It is important to keep in mind that the blockade shift
B depends on the polarization of the excitation light as
well as the Zeeman structure of the states |g),|pkl)
through the overlap factor «.. We do not explicitly in-
dicate these dependences in order to avoid a prolifera-
tion of subscripts. Explicit examples of the angular de-
pendence have been given in Sec. 11.C.

B. Two-atom blockade gate

As discussed in connection with Fig. 2 Rydberg gates
are intrinsically prone to errors due to the finite lifetime
of the Rydberg levels that are used. In the strong block-
ade limit (B>(}), the gate fidelity is high, and we can
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estimate the errors by adding the contributions from the
physically distinct processes of spontaneous emission
from Rydberg states and state rotation errors, which are
primarily due to imperfect blockade. We note that the
gate error depends on the input state applied to the gate.
Referring to Fig. 2 the state 100) experiences relatively
small errors since Rydberg excitation is off-resonance by
a detuning w,q. For hyperfine encoded qubits wyq is typi-
cally several GHz as opposed to the few MHz of ) and
B. On the other hand, the state |11) leads to the largest
errors since both atoms are Rydberg excited and subject
to spontaneous decay. In this section and the following
one, we base our analysis on “square pulse” excitation
schemes. The possibility of improving on the error limits
we find using shaped or composite pulses remains an
open question.

An average gate error was defined by Saffman and
Walker (2005a) by simply averaging over the four pos-
sible two-atom inputs. The dominant errors come from
imperfect blockade in step 2 with error Ey~ Q?/B? and
spontaneous emission of the control or target atom with
error £~ 1/Qr, where 7is the Rydberg state spontane-
ous lifetime. Keeping track of the numerical prefactors,
neglecting higher order terms in ()/B,B/w;o, and aver-
aging over the input states, we find the gate error’

7 0 Q2 0? B?
Ez—ﬂ-(1+—2+—2)+—2(1+6—2). (26)
407 wy B 8B iy

The first term proportional to 1/ gives the spontaneous
emission error and the second term gives the probability
of an atom populating the Rydberg level at the end of
the gate. These expressions assume piecewise continu-
ous pulses. Other assumptions, such as pulses with phase
jumps (Qian et al., 2009), lead to different coefficients,
but it is still the ratio of the effective bandwidth of the
excitation to the blockade strength that governs the
magnitude of the errors.

In the limit of w;y>(B,Q)) we can extract a simple
expression for the optimum Rabi frequency which mini-
mizes the error

BZ/3
‘Qopt =(7 77)1/3ﬁ . (27)

Setting ) — (), leads to a minimum averaged gate er-
ror of

377 1

Emin =

The gate error for excitation to ¥Rb ns states is
shown in Fig. 14 for 50=<n=<200 as a function of the
two-atom separation R. Despite the use of finite lifetime
Rydberg states the interaction is strong enough to allow
for fast excitation pulses which keep the total error
small. We see that gate errors below 0.001, which corre-
sponds to recent theoretical estimates (Knill, 2005; Ali-

3Equations (26)—(28) correct some algebraic errors in Table V
and Eq. (38) of Saffman and Walker (2005a).
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FIG. 14. (Color online) Intrinsic blockade gate error from Eq.

(26) for 8Rb ns states. The lifetimes for n=50-200 were cal-

culated from Eq. (8) to be 7=(70,180,340,570,860,1200,
1600) us.

feris and Preskill, 2009) for the fault tolerant threshold
in a scalable quantum computer, can be achieved over a
large range of interatomic separations. At relatively low
excitation of n=>50, an error of 0.001 requires R~1 um.
The atom separation at this error level can be pushed all
the way to R>40 um by exciting n=200 states. Al-
though coherent excitation of n=200 Rydberg states has
not been demonstrated, excitation of clusters of states
has been reported up to n=1100 (Frey et al., 1995) and
state resolved excitation up to n=390 (Tannian et al.,
2000) and n=500 (Neukammer et al., 1987) has been
achieved. In contrast to collisional neutral atom gates
(Brennen et al., 1999; Jaksch et al., 1999) which accumu-
late large errors if operated too fast, the Rydberg gate
would fail if it were run too slowly. The necessity of
achieving sufficiently fast excitation of high-lying levels
puts demands on the laser system, but this is a technical
not a fundamental challenge.

In addition to the intrinsic error due to the finite Ryd-
berg lifetime, there are other errors due to technical im-
perfections. These include Doppler broadening of the
excitation, spontaneous emission from intermediate lev-
els when a two-photon excitation scheme is used, pulse
area errors due to variations in atomic position, and
errors due to imperfect polarization of the exciting laser
pulses. All of these effects have been considered (Prot-
senko et al., 2002; Saffman and Walker, 2005a) and will
be discussed in Sec. IV. In principle, with proper experi-
mental design, errors due to technical imperfections can
be kept below 1073 or less. It may be emphasized that
the Rydberg blockade operation is not directly sensitive
to the center of mass motion and it is therefore not nec-
essary to work with atoms that are in the ground vibra-
tional state of the confining potential. Using blockade to
implement a CNOT gate requires additional single-qubit
pulses. These can also be made insensitive to the mo-
tional state using two-photon copropagating Raman
pulses (Yavuz et al., 2006; Jones et al., 2007). This implies
an attractive robustness of the quantum gate with re-

Rev. Mod. Phys., Vol. 82, No. 3, July—September 2010

spect to moderate vibrational heating of the atomic qu-
bits.

There is also an adiabatic version of the blockade gate
which does not require individual addressing of the at-
oms (Jaksch et al., 2000). However, the adiabatic condi-
tion implies that the gate time is long compared to 1/
which increases errors due to spontaneous emission.
Thus, relaxing the requirement of individual addressing
reduces the fidelity compared to the blockade gate de-
scribed above.

C. Alternative gate protocols
1. Interaction gates

In the original Rydberg gate paper (Jaksch et al., 2000)
a second type of gate protocol was already proposed.
The “interaction” gate assumes the excitation of both
atoms from the qubit 1 state to the Rydberg state and
makes use of the Rydberg interaction energy to accumu-
late a phase shift of 7. Thus it works in the opposite
regime of the blockade gate, and requires Ayq<<€). The
pulse sequence is (1) R(Tr)ﬁ’fr, (2) wait a time T=m/Ayq,
and (3) R(m){'. Here R(0)ff is an X rotation by 6 be-
tween states i,j on the control and target atoms. The
resulting gate is the same C, as given in Eq. (1) apart
from an overall 7 phase shift. This protocol has the ad-
vantage that it does not require individual addressing of
the atoms. We can perform an error analysis along the
lines of that in the previous section assuming the order-
ings wo>0>Ayy and Agy7>1. The interaction energy
of two Rydberg excited atoms is Aygq which can be calcu-
lated from

|K¢|292

|2+ AL

Add:E

]

(29)

We have dropped the atom labels on «,,A, since we
are considering only a two-atom interaction. Note that
when Q*<ming|A,/x*=|A, [k, [* we get Ay
=Kk, [PO*/A, which verifies that the two-atom inter-
action tends to zero in the blockade limit where two
atoms cannot simultaneously be excited. In the opposite
limit of O?>max,|A,/«,|* we find Agy=3, A, which is
independent of ). Since the eigenvalues scale as R to a
negative power, we infer that Ayy has a maximum at an
intermediate value of R and tends to zero for R small or
large. The implication of this is that at fixed » the inter-
action gate has an optimum fidelity at a finite value of R.

To see this in more detail consider the leading contri-
butions to the input averaged gate error which are (Saff-
man and Walker, 2005a)

w1 1 203, 02
Ez—(— —>+< dd+—). (30)
\Ag Q 0 Wl

For given values of w;(, 7 the absolute minimum of the
gate error can be shown to be
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FIG. 15. (Color online) Intrinsic interaction gate error from Eq. (30) for 87Rb ns states. The lifetimes for n=(50,100,150,200) were
calculated from Eq. (8) to be 7=(70,340,860,1600) us. The long dashed line is E=0.001 and the short dashed curve gives the error

limit at SR=15 nm.

27/2 12
”} . (31)

T

Emin = |:

The error for any particular choices of Ag4(n,R),Q will
always exceed this lower bound. For ¥Rb we have
w19/27=6834 MHz and 7=100 us gives E;,=0.003.

In order to evaluate the potential of the gate for dif-
ferent Rydberg levels n and separations R it is useful to
find the optimum () for a given Ayy(n,R). We find

12

Qop = W(Addwm)m, (32)
which leads to
ar SAdd
E .=— . 33
opt Add7+ 3124, (33)

Equations (32) and (33) are only implicit relations for
Qqp and Ep, since Eq. (29) also depends on (). We have
therefore used a numerical search to find Qg and E
at specific values of n and R with the results shown in
Fig. 15 for Rb ns states. As discussed in connection with
Eq. (29) the interaction strength has a maximum at in-
termediate values of R. However, the interaction can
actually be too strong at intermediate R which violates
the scaling A 44<Q <w;( and results in a complex multi-
peaked structure for the R dependence of the gate error.
We see that low n states with small 7 do not give par-
ticularly low gate errors, even at small separation R, due
to the limit imposed by Eq. (31). For n>100 we find
errors of 1073 or less over a wide range of R. If we are
willing to consider very highly excited states with n
=200, high fidelity gates are possible at R>100 pm.
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There is, however, a caveat to the above discussion
since the interaction gate is sensitive to fluctuations in
the atomic separation as emphasized by Protsenko et al.
(2002). To estimate the sensitivity assume we are in the
van der Waals limit so Agy(R)=Ay4q0(Ro/R)%, with
Agqp, Ry constants. The two-atom phase depends on R
as Op(R)=Ay4q(R)T=A44q0T(1-66R/R,), with T the gate
interaction time. The fractional phase error is thus
66R/R,. The harmonic oscillator wave function of a
87Rb atom in a trap with w/27=500 kHz, which is a rea-
sonable limit for what is experimentally feasible in an
optical trap, has a characteristic length scale of about
15 nm. Taking 6R=15 nm gives the short dashed curve
in Fig. 15 which drops below 1073 for R>100 um.

These error estimates treat the motion classically. If
the atoms are in a pure quantum-mechanical motional
state, then there is no position-dependent interaction.
Nevertheless there are two-body forces when both at-
oms are excited to a Rydberg level. If these forces are
strong enough, then excitation of the motional state will
occur which leads to decoherence and gate errors. These
errors have been estimated by Jaksch et al. (2000) and
Saffman and Walker (2005a) and can again be made
small provided that the atoms are well localized spa-
tially. We conclude that the interaction mode of opera-
tion has potential for remarkably long-range gates, ex-
tending out to R>100 um with low errors, provided
that the atoms are cooled close to the motional ground
state or are otherwise trapped with a high degree of
spatial localization.

A variation in the interaction gate described above
was analyzed by Protsenko et al. (2002). There it was
assumed that the excitation pulses are purposefully de-
tuned from |r) and the presence of the two-atom inter-
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action Ayy brings the excitation into resonance. This type
of interaction-induced resonance was anticipated in an
early paper (Varada and Agarwal, 1992) that predated
the interest in quantum gates and was more recently
proposed (Ates et al., 2007a) and observed (Amthor et
al., 2010) in an ensemble of cold atoms. This “self-
transparency” mode of operation has the same sensitiv-
ity as the interaction gate to fluctuations in atomic posi-
tion.

A further variation on the interaction gate was de-
scribed by Ryabtsev et al. (2005). There it was suggested
to excite two atoms to weakly interacting states that are
microwave coupled as in Sec. I1.D. The microwaves are
initially detuned from resonance between opposite par-
ity Rydberg levels, and then the resonance condition is
achieved for a controlled time using a Stark switching
technique, which was demonstrated by Ryabtsev et al.
(2003). This approach suffers again from sensitivity to
fluctuations in the atomic separation although in the
limit where the microwave coupling effectuates a 1/R?
resonant dipole-dipole interaction the sensitivity will
only be half as large as in the van der Waals regime. In
addition a somewhat different gate idea based on Stark
switching together with nonholonomic control tech-
niques can be found in Brion et al. (2006).

Adapting ideas developed in the context of trapped
ion gates (Garcia-Ripoll et al., 2003) it was proposed by
Cozzini et al. (2006) to implement a C, gate using con-
trolled atomic motion due to two-body forces from the
dipole-dipole interaction of simultaneously excited Ryd-
berg atoms. This is reminiscent of the interaction gate
although here the necessary conditional phase shift is
due to a combination of a dynamic and geometrical
phase. The fidelity of the gate can be 0.99 or better pro-
vided the atoms are again cooled close to the motional
ground state.

2. Interference gates

A different type of gate which does not require
strongly populating the Rydberg levels can be designed
using the interference of different multiphoton transi-
tion paths. The dipole-dipole interaction suppresses the
amplitude of one of the paths (Brion, Pedersen, and
Mglmer, 2007) which creates a conditional phase shift.
This general idea can be used to implement a universal
set of gates in a decoherence free subspace of logical
qubits, each encoded in two physical qubits (Brion, Ped-
erson, Mglmer, et al., 2007). Unfortunately the gate is
relatively slow due to the use of multiphoton transitions
and consequently suffers from spontaneous emission er-
rors despite the fact that the Rydberg states are never
substantially populated. Attempts to design entangling
gates that require only virtual excitation of Rydberg
states and hence do not have any spontaneous emission
errors turn out to be futile, since it can be shown that a
minimum integrated Rydberg population of the control
and the target atom during the gate execution, [ (Pﬁc)
+p§‘))dt>2/ Ayq, 1s necessary for the creation of one bit
of entanglement with arbitrary local operations and a
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ERL

FIG. 16. (Color online) The CNOT gate (center) can be imple-
mented with Hadamard gates and a C (left) or directly with a
controlled amplitude swap (right). All transitions are 7 pulses
with the indicated ordering.

Rydberg-Rydberg interaction energy of 7iAyq4; cf. the Ap-
pendix in Wesenberg et al. (2007).

3. Amplitude swap gates

All of the approaches described above implement a
C, gate which can be converted into a CNOT gate using
the quantum circuit equivalence of Fig. 16. An alterna-
tive route to the CNOT dispenses with the Hadamard
operations and directly swaps the states of the target
qubit, conditioned on the state of the control qubit, as
shown on the right in Fig. 16. When the control qubit is
in state 10 it is Rydberg excited by pulse 1 which blocks
the swap action of pulses 2-4, and when the control
atom is in state |1) the swap is unhindered. The result is
a CNOT gate with an overall minus sign. This method was
first proposed in the context of quantum computing with
rare earth doped crystals by Ohlsson et al. (2002) and
was used for experimental demonstration of a two-atom
CNOT gate (Isenhower et al., 2010). It turns out that this
approach is particularly well suited to blockade interac-
tions which naturally enable or block the swap operation
on the target qubit. As we will see in Sec. V.F.2 an ad-
aptation of this approach is also efficient for creating
multiparticle entangled states (Saffman and Mglmer,
2009).

A variation in the amplitude swap approach can be
used to create three-terminal Toffoli gates which are im-
portant for efficient implementations of quantum algo-
rithms. The Toffoli gate switches the value of the target
qubit if both control qubits are 1 and otherwise leaves
the target unchanged. This can be implemented in sev-
eral ways using the population swap primitive. Consider
the pulse sequence shown in Fig. 17 where we now allow
for coupling to three Rydberg states |ry), |r,), and |r). It
is possible to choose states |ry), |r,) that are weakly in-

r 0w
)

e |2 1

FIG. 17. (Color online) Implementation of the Toffoli gate as
proposed by Brion, Mouritzen, and Mglmer (2007). All transi-
tions are 7 pulses with the indicated ordering.
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teracting, yet both interact strongly with |r,). For ex-
ample, we could set |r;), |r,) to be s and d parity Rydberg
levels and |r,) a p parity level. This case was analyzed for
hydrogenic Rydberg levels by Brion, Mouritzen, and
Mglmer (2007). Using these levels the pulse sequence
shown in Fig. 17 implements the ideal Toffoli gate but
with an overall minus sign which can be corrected by
single-qubit operations. It may be noted that the re-
quirement of weakly interacting control atoms can also
be effectuated geometrically. If all three atoms are
placed on a line with the target atom in the middle then
in the van der Waals limit, the control-control Rydberg
interaction will be a factor of 2° weaker than either con-
trol acting on the target. In this case the three Rydberg
states can be replaced by one state, excited by the same
laser frequency, as long as the laser can address the three
atoms individually.

It has recently been shown (Saffman and Isenhower,
2009) that the Toffoli gate can be extended to a Toffoli
gate with k control bits, or C*-NOT gate. We note that
the requirement of weakly interacting control qubits is
actually not needed. If we assume individual addressing
of the control and target qubits then the pulse sequence
R(m)gLR(m)@ER(m)| R(m)y R(m) R(m)@R(m),  imple-
ments the Toffoli gate with only one Rydberg level
needed. If we consider k control atoms and a target
atom, all within a blockade sphere of each other, then
the 2k +3 pulse sequence,

k-1 k
( 11 R(w)gf,f)R(w)i,,R(w)g,,R<w)i,,< 11 R(w)é{,) :

i=0 i=1
immediately gives the C¥-NOT gate with an overall mi-
nus sign. The error scaling of this gate is approximately
linear in k because of the less than k times larger spon-
taneous emission error than for the two-qubit blockade
gate. This type of multi-qubit gate is of particular inter-

est in design of efficient quantum circuits (Beckman et
al., 1996).

4. Other approaches

For completeness we mention some alternative para-
digms for quantum information processing with Rydberg
atoms. In addition to the Rydberg CQED approach de-
scribed in the Introduction which uses moving Rydberg
atoms (Raimond et al., 2001) there are additional possi-
bilities working with trapped atoms. Instead of only us-
ing Rydberg levels in a transient fashion for achieving a
two-atom interaction, one might consider encoding
many bits of information in the multiplicity of levels of a
Rydberg atom. In this way Grover’s search algorithm
(Grover, 1997) was implemented in a Rydberg atom by
Ahn et al. (2000) and other work has considered the
implementation of logic gates between bits that are
Rydberg encoded (Remacle et al., 2001). These ideas are
constrained by the finite lifetime of Rydberg levels al-
though some novel approaches to increasing the coher-
ence time have been studied (Brion et al., 2005; Minns et
al., 2006). Gillet et al. (2010) showed using a density ma-
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FIG. 18. (Color online) Neutral-atom qubit array in an optical
lattice with period D;,. A two-qubit gate between sites sepa-
rated by R is implemented with focused laser beams.

trix analysis that continuous driving of a two-atom sys-
tem leads to a stationary degree of entanglement despite
radiative decay of the Rydberg levels.

On a more fundamental level it has been argued con-
vincingly that even if the finite lifetime of excited states
was not an issue, the spectrum of energy levels in atomic
systems does not provide a scalable approach to quan-
tum computing (Blume-Kohout et al., 2002). This is due
to the fact that a single-atom encoding requires an ex-
ponential increase in the available physical resources to
provide a linear increase in the dimension of Hilbert
space available for computation.

D. Scalability of a Rydberg gate quantum computer

The various gate protocols described in the preceding
sections rely on long-range interactions between Ryd-
berg excited atoms. Since high fidelity gates are possible
at tens of microns of separation (see Figs. 14 and 15) it is
natural to ask how many qubits could be directly en-
tangled, without mechanical motion, in an array of
trapped atoms, such as that shown in Fig. 18. We envi-
sion an optical lattice of sites with one atom in each site.
The largest possible separation R,,, depends on how
high a value of n is feasible. The number of connected
qubits then scales as (R ux/ Dmin)%, With d the space di-
mensionality of the array. The lattice spacing D, is
constrained by technical considerations associated with
creating the lattice sites but also by the requirement that
a Rydberg excited electron with characteristic orbital ra-
dius ~agn® should not collide with a neighboring
ground-state atom. An analysis of the scaling of gate
errors with R and » in the van der Waals limit, taking
these considerations into account, leads to the results
(Saffman and Mglmer, 2008)

N, g;)x),vdw = C,pE"*n?3, (34a)
NED) = CspEYn. (34b)

Here C,p,C5p are constants that are expected to vary
only slightly between different atomic species and E is
the gate error discussed in Secs. III.B and III.C.
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A realistic estimate assuming n=100 and £=0.001 re-
sults in (Saffman and Mglmer, 2008) Nﬁgﬁlg\),v
=470, 7600. Higher n would of course lead to even
larger numbers. These estimates suggest that a moder-
ately sized fully interconnected quantum computer with
hundreds of qubits in two-dimensional (2D) and thou-
sands of qubits in 3D is possible using Rydberg interac-
tions. Actually building such a device will require solu-
tions to several unresolved problems. A recent analysis
of some of the issues related to scalability can be found
in Beals et al. (2008). We do not intend to engage in a
detailed discussion here. Nevertheless, a brief overview
of what the challenges are seems appropriate.

A set of criteria for implementing a quantum comput-
ing device have been given by DiVincenzo (1998). In
principle all requirements can be met by the type of
neutral atom qubit array shown in Fig. 18. If we limit
ourselves to a 2D geometry, site selective addressing of
neutral atom qubits with focused laser beams or mag-
netic field gradients is relatively straightforward and has
been demonstrated in several experiments (Schrader et
al., 2004; Lengwenus et al., 2006; Yavuz et al., 2006; Jones
et al., 2007; Urban, Johnson, et al. 2009). Taking advan-
tage of the higher connectivity of a 3D array makes the
problem of site selective addressing and measurement
more challenging although possible solutions have been
proposed (Weiss et al., 2004; Vaishnav and Weiss, 2008).

The question of preparing single-atom occupancy in a
large lattice is more challenging. Stochastic loading of
atoms from a cold background vapor is governed by
Poisson statistics giving a maximum success probability
of P;=1/e=0.37 at each site. The probability of loading
each of N sites with one atom thus scales as Py=PY
=eN which is not useful for large N. The situation can
be improved slightly using collisional blockade (Schlo-
sser et al., 2001) or light assisted collisions (Nelson et al.,
2007) to raise the success probability to P;=0.5. Of
course it may be sufficient to simply register which sites
are occupied and then use only those sites for perform-
ing calculations although this will imply a departure
from the scaling relations of Egs. (34).

It is therefore tempting to seek ways to approach de-
terministic single-atom loading in all sites of an array.
An elegant solution involves exploiting the superfluid
Mott insulator transition in a cloud of ultracold atoms,
and then transferring the Mott insulator to a longer pe-
riod lattice that is optically resolvable (Peil et al., 2003).
Other solutions involve imperfectly loading a lattice and
then removing empty or doubly occupied sites, leading
eventually to a zero entropy, perfect lattice (Rabl et al.,
2003; Weiss et al., 2004; Vala et al., 2005; Wiirtz et al.,
2009). There is also the possibility of using a movable
optical tweezer to systematically transfer atoms between
sites as needed (Beugnon ef al., 2007) or from a reservoir
into lattice sites. A different type of approach, to be
discussed in Sec. V.B, uses entanglement to enable de-
terministic single-atom loading (Saffman and Walker,
2002). Alternatively, collective encoding of qubits in
many-atom ensembles (Brion, Mglmer, and Saffman,
2007) removes the requirement of single-atom loading
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altogether. We discuss this approach in Sec. V.E.

Implementation of extended quantum algorithms re-
quires error correction which depends on the ability to
measure the state of a qubit and restore it to an initial
state, without atom loss, and without disturbing qubits at
neighboring sites. Implementation of multiple measure-
ment cycles requires further either that the measure-
ment does not heat the atom or that recooling at a single
site is possible. Measurement of the state and not just
the presence of a neutral atom qubit in free space has
until now relied on mechanical ejection of an atom in
one of the qubit states, followed by a state insensitive
atom number measurement (Kuhr et al., 2003; Treutlein
et al., 2004; Jones et al., 2007). Although a lost atom
could be replaced from a reservoir the requirement of
moving a replacement atom into the emptied site im-
plies a slow measurement cycle. Recent developments in
achieving stronger coupling between single atoms and
light in free space with tightly focused optical beams
(Tey et al., 2008; Aljunid et al., 2009), as well as reso-
lution of individual sites in short period lattices (Bakr et
al., 2009), suggest that the capability of loss free state
selective measurements is not far off.

A related issue in neutral atom systems is that optical
traps have characteristic depths that are small compared
to kX300 K so atom loss due to background collisions
with room-temperature atoms cannot be completely
eliminated. There will therefore be a requirement for
monitoring and correcting qubit loss (Vala, Whaley, and
Weiss, 2005), which could involve replacing lost atoms
with fresh ones from a nearby reservoir. This appears
feasible in 2D geometries but more difficult to imple-
ment in the interior of a 3D lattice. The number of sites
that can be maintained for an arbitrary length of time is
limited by N < Tjos/ freplaces WheTe 7iogs is the time con-
stant for atom loss and f;epjace is the time needed to re-
place a lost atom. With excellent vacuum pressure of P
~107"! Pa a characteristic collision limited lifetime in an
optical trap is 7.~ 10* s. Assuming a replacement time
Of freplace~0.1 s this implies an array size limit of N
~10°. Note that actually reaching this limit is dependent
on the ability to rapidly check all the sites for atom loss.
This can be done without disturbing the qubit state at
each site using an ancilla bit at a cost of four gates and
one measurement (Preskill, 1998). The measurement
time should satisfy Niyeas<freplace- EVen a fast measure-
ment time of, for example, #,,.,,=100 us would limit the
array to a much smaller N=1000. This highlights the ne-
cessity of performing parallel operations in order to
build a scalable system.

Ultimately even a thousand qubit computer will not
be sufficient to solve hard problems that are intractable
on classical computers. Scaling to even larger numbers
may require connecting multiple, smaller processors, us-
ing entanglement between stationary matter qubits and
photonic qubits. This is also relevant for quantum net-
working and long-distance quantum communication
(Kimble, 2008). Rydberg interactions present unique op-
portunities for quantum interfaces between light and
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matter, and we defer a discussion of this topic to Sec.
VIB.

IV. EXPERIMENTS

Experimental demonstration of quantum logic with
Rydberg atoms builds on several decades of develop-
ment of techniques for cooling, trapping, and manipulat-
ing atoms with electromagnetic fields. A good overview
of this field can be found in Metcalf and van der Straten
(1999). In this section we discuss specific experimental
capabilities needed for neutral atom logic gates. Much of
the discussion in Sec. IV.A.1 is generic to schemes based
on atomic qubits. We then turn to requirements specific
to the use of Rydberg atoms and summarize experimen-
tal progress in realizing Rydberg-mediated quantum
gates.

A. Experimental techniques

1. Traps for ground-state atoms

The starting point for neutral atom logic gate experi-
ments is cooling, trapping, and detection of isolated at-
oms. Observation of a single cold neutral atom was first
achieved by Hu and Kimble in a magneto-optical trap
(MOT) (Hu and Kimble, 1994). Subsequently several re-
search groups (Frese et al., 2000; Schlosser et al., 2001)
showed that a convenient setting for studying single at-
oms is provided by far-off-resonance optical traps
(FORTs) (Miller et al., 1993; Grimm et al., 2000).

FORTs can provide long atomic confinement times
that are in practice limited only by collisions with un-
trapped room-temperature atoms. This is because the
trap depth scales as 1/A while the photon scattering
rate, which leads to heating, scales as 1/A?, with A=w
—w, the difference between the trapping laser frequency
o and the relevant atomic transition frequency w,. Trap
lifetimes approaching 1 min (Frese et al, 2000) have
been observed for Cs atoms in a 1064 nm Nd:YAG laser
FORT. As long as the atoms can be cooled to kgT
< Ejyqp there is no fundamental limit to the trap lifetime.
However, as mentioned, optical traps have E,,<kp
X300 K so trap lifetimes are limited by collisions with
hot background atoms. Paul traps for ions can have
Eirap>kpx300 K and extremely long lifetimes up to
several weeks have been observed.

With the availability of a single atom in an optical trap
a qubit can be encoded in Zeeman or hyperfine ground
states. Of particular importance for quantum informa-
tion applications is the coherence time of an encoded
quantum superposition state. In order to maximize the
coherence time in the presence of background magnetic
field fluctuations it is advantageous to use pairs of states
that exhibit a field insensitive operating point, with a
quadratic relative Zeeman shift for field deviations away
from the optimum. In this way coherence times of many
seconds have been observed with trapped ions in Paul
traps (Langer et al., 2005; Benhelm et al., 2008a).
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In alkali atoms with a %S, ground state and nuclear
spin I the f=1+1/2, m;=0 hyperfine clock states have a
quadratic relative shift at zero applied field. There are
also pairs of states with Am=1 that have a quadratic
shift but only at bias fields greater than 10 mT, which is
problematic in the context of excitation of magnetically
sensitive Rydberg states. Alternatively one can find low
field quadratic shifts for states that have Am;=2. How-
ever, driving Raman transitions between these states re-
quires multiphoton transitions that tend to be slow. The
alkali clock states therefore appear best suited for qubit
encoding at the present time.

In addition to decoherence due to external fields, the
FORT traps themselves also limit qubit coherence (Kuhr
et al., 2005; Saffman and Walker, 2005a; Windpassinger
et al., 2008). At detunings large compared to the fine-
structure splitting of the states that are excited by the
FORT laser there is a cancellation of Raman ampli-
tudes, so the rate of state changing photon scattering is
very low, scaling as 1/A* (Cline et al., 1994). Hyperfine
relaxation times of several seconds were originally ob-
served (Cline et al., 1994) with Rb atoms. A subsequent
demonstration with an extremely far detuned CO, laser
operating at 10.6 um pushed the relaxation time to
greater than 10 s (Takekoshi and Knize, 1996). An addi-
tional source of decoherence arises from atomic motion
in the optical trap which induces differential ac Stark
shifts on the qubit states. This issue disappears for atoms
in the motional ground state but is otherwise the limiting
factor for qubit coherence in optical traps (Saffman and
Walker, 2005a). The differential shift can be reduced us-
ing an additional weak laser beam that does not provide
trapping, but cancels the trap-induced differential shift
(Kaplan et al., 2002).

Photon scattering and motional decoherence effects
can be significantly reduced by working with dark opti-
cal traps where the atoms are localized near a local mini-
mum, instead of a local maximum of the trapping light
intensity (Chaloupka et al, 1997; Arlt and Padgett,
2000). Several research groups have demonstrated atom
trapping in this type of setup (Kuga et al., 1997; Ozeri,
Khaykovich, and Davidson, 1999; Kulin et al., 2001; Ter-
raciano et al., 2008; Isenhower et al., 2009; Xu et al.,
2010). We anticipate that trapping and coherence times
of at least several seconds will be achieved with single-
atom qubits in optimized dark optical traps although a
definitive experimental demonstration has not yet been
presented. Although long coherence times are important
in any quantum computing device, it is difficult to say
whether or not errors in a quantum computer will be
dominated by the memory coherence time or by gate
errors. The scaling of memory to gate errors depends on
many factors including the computation being per-
formed, the size of the register, and other architectural
considerations.

Scalability of optical trapping to many qubits relies on
either multiplexing traps using diffractive optical ele-
ments (Bergamini et al., 2004) or lens arrays (Dumke et
al., 2002) or taking a different route of optical trapping
in lattices (Jessen and Deutsch, 1996). Lattices formed
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from counterpropagating beams in the near infrared
have submicron periods and are not readily compatible
with site selective addressing, measurement, and control
although possible solutions (Saffman, 2004; Zhang et al.,
2006; Cho, 2007; Yavuz and Proite, 2007; Gorshkov,
Jiang, et al., 2008; Vaishnav and Weiss, 2008) as well as
experimental capabilities (Bakr er al., 2009; Karski,
Forster, Choi, Alt, et al., 2009; Lundblad et al., 2009) are
being actively developed. Alternatives rely on lattices
formed from a long wavelength CO, laser (Scheun-
emann et al., 2000) or multibeam lattices that have ad-
justable longer scale periodicity (Peil et al., 2003; Nelson
et al., 2007). A new idea recently demonstrated by
Kiibler et al. (2010) is to use micron-sized vapor cells,
each small enough to enable an effective blockade inter-
action throughout the volume of the cell, as a means of
defining an ensemble qubit.

Magnetic traps, which do not suffer from photon scat-
tering, are an interesting alternative to optical ap-
proaches (Fortagh and Zimmermann, 2007). Lifetimes in
the range of 10 min have been achieved with neutral
atoms in a cryogenic magnetic trap (Emmert et al., 2009)
and hyperfine coherence times exceeding 1 s have been
demonstrated (Treutlein ef al., 2004). Arrays of magnetic
traps (Weinstein and Libbrecht, 1995; Hinds and
Hughes, 1999; Grabowski and Pfau, 2003; Gerritsma et
al.,2007) are also a potential setting for encoding a qubit
register.

Finally we note that a large scale atom based quantum
computer will require accurate and fast spatial control of
several laser beams. Different technologies are suitable
for this task including electro-optic deflectors (Schmidt-
Kaler et al., 2003), acousto-optic deflectors (Négerl et al.,
1999; Kim et al., 2008), and micro-optoelectromechanical
systems (Knoernschild et al., 2009). Scaling to arrays
with more than a few tens of qubits will likely require
further development of specialized devices.

2. Traps for Rydberg atoms

Irrespective of the type of trap used to hold the qubits
we must also consider the effect of the trapping poten-
tial on Rydberg states. Ideally we wish to have the same
trapping potential for both ground and Rydberg states.
If this is not the case, excitation to Rydberg levels will
result in motional excitation of the atom and, more im-
portantly, undesired entanglement between the center of
mass and qubit degrees of freedom. This can be seen by
the following simple argument. Suppose the qubit state
| =al0)+b|1) is stored in an atom in the ground state
|0)yii, of the trapping potential. The total state of the
qubit plus atom is |W)=|¢) ® |0),;,. Vibrational excitation
during a Rydberg cycle will lead to the new state |¥')
=al0) ® |0)yip, +b|1) ® (c|0)yip +d[1)yi,) Where, for simplic-
ity, we have only considered excitation of the first vibra-
tional state with amplitude d. Tracing over the vibra-
tional degrees of freedom gives the reduced density
matrix
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FIG. 19. (Color online) Polarizability of Rb ground (5s1,), first
resonance level (5p3p), and Rydberg 50d states (solid line).
The vector polarizability of the ground state (dashed line) is
also shown.

la*  ab*c
(35)

Pqubit = Trvib[p] = (a*bc |b|2

Since |c| <1, vibrational excitation results in reduced co-
herence of the qubit.

In order to have the same trapping potential for
ground and Rydberg states in an optical trap the polar-
izability must be the same for both levels. The polariz-
ability of a highly excited Rydberg state is negative be-
ing essentially that of a free electron, a=-e?/mw?’,
where —e is the electron charge and m is the electron
mass. In a red detuned, bright ground-state trap the po-
larizability is positive. Nevertheless, matching can be
achieved at specific wavelengths by working close to a
ground-intermediate level resonance or a resonance be-
tween Rydberg and intermediate levels. Details of spe-
cific schemes are given by Safronova et al. (2003) and
Saffman and Walker (2005a).

If we use a blue detuned dark optical trap or dark
lattice then there is a broad region to the blue of the first
resonance lines in the heavy alkalis where the ground-
state polarizability is negative. As shown in Fig. 19 exact
matching between the Rb 5s ground state and the 50d
Rydberg state occurs at A=430 nm. It turns out that the
polarizability of the first resonance level is also approxi-
mately equal to the ground-state polarizability at this
wavelength, which is advantageous for Doppler cooling
inside the optical trap. Furthermore the ground-state
vector polarizability, which determines the rate of hyper-
fine changing Raman scattering events, is extremely
small. This short wavelength matching point is thus at-
tractive for neutral atom optical traps. The matching
wavelength does not change significantly with choice of
Rydberg level since the polarizability of the 50d state is
already about 95% of the free electron polarizability. A
similar coincidence point occurs at a longer wavelength
for Cs atoms. The notion of an optical trap for Rydberg
atoms can also be extended to an optical lattice setting
as discussed by Dutta et al. (2000).
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An important issue when using optical traps to con-
fine Rydberg atoms is the problem of Rydberg photoion-
ization due to the trapping light. Photoionization rates in
mK trapping potentials substantially exceed the radia-
tive decay rate (Saffman and Walker, 2005a; Potvliege
and Adams, 2006) and represent the limiting factor for
Rydberg trapping. Thus the experiments to date on co-
herent excitation in optical traps have relied on turning
off the trapping potential during the Rydberg excitation
pulse (see Sec. IV.B). This problem may be greatly re-
duced in a dark optical trap where the atom sits at a
minimum of the trapping light intensity. However, if we
consider excitation of very high-lying levels with n
>100 in order to achieve long-range gates, as in Sec.
II1.B, the wave function of the Rydberg electron will
sample regions of non-negligible trapping light intensity,
even in dark optical traps. As is well known, a free elec-
tron cannot absorb a photon, and therefore the photo-
ionization cross section tends to be localized near the
nucleus. A careful analysis of the photoionization rate in
dark traps has not yet been performed.

An alternative to optical traps is to use low frequency
electromagnetic traps which can be effective for both
ground and Rydberg atoms, see Choi et al. (2007) for an
extended discussion. Rydberg atoms in low field seeking
Stark states were loaded into an electrostatic trap by
Hogan and Merkt (2008). Magnetostatic trapping of high
angular momentum Rydberg atoms was demonstrated in
a strong field of several Tesla by Choi et al. (2005) and
Choi, Guest, and Raithel (2006). Trapping in a high gra-
dient quadrupole field and in combined magnetic and
electric traps was studied (Lesanovsky and Schmelcher,
2005; Hezel et al., 2007; Schmidt et al., 2007). It was pro-
posed (Hyafil et al., 2004; Mozley et al., 2005) to use the
electrodynamic trap described by Peik (1999) together
with conducting planes for inhibition of spontaneous
emission to create a long coherence time trap for circu-
lar Rydberg states. A successful demonstration of this
idea in two proximally located traps would open the
door to long time scale high precision studies of the
dipole-dipole interaction. We remark that the electro-
magnetic geometries, although capable of trapping Ryd-
berg atoms, tend to rely on high m states which are not
readily compatible with few photon laser excitation.
This restriction has been relaxed in recent work (Mayle
et al., 2009a, 2009b) that has shown theoretically the fea-
sibility of magnetic trapping of s,p, or d Rydberg states
in loffe-Pritchard geometries, with good qubit coher-
ence.

Approaches based on arrays of magnetic traps
(Grabowski and Pfau, 2003; Gerritsma et al., 2007), al-
though promising for holding ground-state atoms, may
be difficult to combine with Rydberg atoms. In order to
achieve tightly confining magnetic traps the surface to
trap distance is typically on the order of tens of microns,
which can lead to undesired interactions between the
surface and Rydberg atom. The question of Rydberg-
surface interactions may also be problematic for the mi-
crocell approach demonstrated by Kiibler e al. (2010).
Indeed the coupling of Rydberg atoms to conductors
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FIG. 20. (Color online) Two-photon excitation of Rydberg
level |r). The radiative decay rates of |p) and |r) are y,=1/7,
and y=1/7, respectively.

forms the basis for hybrid entanglement schemes to be
discussed in Sec. VI.D. A combination of magnetic trap-
ping ideas and hybrid interfaces may eventually prove
fruitful, but remains largely unexplored.

B. Coherent excitation of Rydberg states

Laser excitation and spectroscopy of Rydberg atoms
has a long history dating back to the development of the
tunable dye laser in the early 1970s. Early work is re-
viewed by Fabre and Haroche (1983). Starting from a
ground state Rydberg states can be generated with 1, 2,
3, or more photon transitions. Using electric-dipole-
allowed transitions ground s states can be coupled to p
states with one photon, to s or d states with two photons,
and p or f states with three photons. These selection
rules can be modified by Stark or Zeeman mixing of the
Rydberg states or by direct excitation via quadrupole
transitions (Tong et al., 2009). The gate protocols dis-
cussed in Sec. III require extremely precise, coherent
excitation and deexcitation of Rydberg states. One pho-
ton excitation from the ground state requires a ~297 nm
photon in Rb which is possible (Thoumany, Hénsch, et
al., 2009), but coherence has not yet been demonstrated.

A widely used approach, which does not require deep
UV wavelengths, relies on two-photon excitation via the
first resonance level as shown in Fig. 20. For example, in
87Rb field 1 is at 780 nm for excitation via 5ps, and field
2 is near 480 nm. The first example of Rydberg spectros-
copy with narrow linewidth lasers using this approach
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was a study of Autler-Townes spectra in a cold ®Rb
sample (Teo et al., 2003). Autler-Townes spectra in Ryd-
berg excitation were also studied later by Grabowski et
al. (2006). Three-photon excitation schemes with narrow
linewidth lasers have also been used in experiments with
Cs (Vogt et al., 2006) and Rb (Thoumany, Germann, et
al., 2009).

When the intermediate level detuning A,=w;—w), is
large compared to the width of the hyperfine structure
of the |p) level the two-photon Rabi frequency is given
by 0=0,Q,/2A,,. The one-photon Rabi frequencies are
Oy =—eE(plr-&|s)/h, Qr=—eEr|r-g5|p)/h, with & ¢;
the field amplitudes and polarizations. The transition
matrix elements can be reduced via the Wigner-Eckart
theorem to an angular factor plus the radial integral of
Eq. (7). For the s-p transition the radial integral is
known (for *’Rb (r)2? =5.1a,) and for the p-r transition it
can be readily calculated numerically. The following ex-
pressions are accurate to better than 10% for 8’Rb:

(r)ss =0.014 X (50/n)*"a,
and

()38 =—0.024 X (50/n)*2ay.

There are several potential sources of errors when us-
ing two-photon excitation with well-defined pulse areas
for coherent population transfer between ground and
Rydberg states. Partial population of the intermediate
|p) level results in spontaneous emission and loss of co-
herence. The probability of this occurring during a =
excitation pulse of duration r=7/|Q| is Py
=(my,/4|A,[)(g+1/q), where g=|Q,/€|. The spontane-
ous emission is minimized for g=1 which allows us to
write the Rabi frequency as

_ Py |

T Y

Q

We see that fast excitation with low spontaneous emis-
sion is possible provided (), is sufficiently large. This is
increasingly difficult as n is raised since (r)%, ~1/n3?. Put
another way, at constant () and P, the required optical
power scales as n°.

Another issue is detuning errors due to Doppler
broadening. These can be reduced from &,,,,=(k{+ky)v
to Spax=(k1—k,)v for atomic velocity v using counter-
propagating excitation beams. Excitation can be made
Doppler free if |[ki|=|k,| (Lee et al., 1978) or by tuning
close to the intermediate level (Reynaud et al, 1982).
However, neither approach is well suited for coherent
experiments due to the slow rate of the first approach,
which has no intermediate level resonance, and the large
spontaneous emission probability incurred in the sec-
ond.

Another source of detuning errors arises from the ac
Stark shifts caused by the excitation lasers. The domi-
nant contributions come from the near resonant interac-
tions of w, with |s) and w, with |r). The ground state |s)
is Stark shifted by &,=[;|*/4A,,, while the Rydberg state
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|r) is shifted by 6,=—[Q,|*/4A,. We see that the transition
shift &+ 8, vanishes when [Q|=[€),| or g=1, which is
another reason to work with equal Rabi frequencies, in
addition to the minimization of spontaneous emission.
The cancellation is not perfect since there are additional
off-resonant contributions from w; acting on |r) (which
tends to be small) and w, acting on |s), which tends to be
larger due to the high intensity of the field driving p—r.
The intensity-dependent Stark shift of the transition fre-
quency has been observed in experiments with trapped
8Rb atoms (Urban, Henage, et al., 2009).

When working with trapped atoms it is also necessary
to take account of the differential trap shift between
ground and Rydberg levels. Besides the loss of coher-
ence described by Eq. (35) the trap shifts, which depend
on the position of the atom in the trap, can easily exceed
|| in a few mK deep trap, which would be disastrous for
coherent excitation. For this reason and also because the
trapping light in all experiments performed to date rap-
idly photoionizes the Rydberg atoms, the trap is turned
off during the Rydberg excitation pulse. This is problem-
atic in the context of many-qubit systems and therefore
the development of trap architectures that are insensi-
tive to the internal state, as discussed in Sec. IV.A.2, will
be an important topic for future work.

Transition shifts due to magnetic fields and Rydberg
level shifts due to small electric fields are also of con-
cern. The magnetic sensitivity is manageable in optical
traps but could be problematic for atoms in thermal mo-
tion in a magnetic trap. Ground-state polarizabilities of
alkali atoms are small enough that typical stray labora-
tory fields have a negligible effect. However, as dis-
cussed in Sec. II.A, the dc Stark shift of a Rydberg state
scales as n’. This puts severe limits on the field stability
needed for excitation of very high-lying levels.

A convenient way of measuring and controlling the
small field strengths involved is to use the shift of the
Rydberg level itself as a diagnostic (Frey et al, 1993;
Osterwalder and Merkt, 1999). Recent work has
used electromagnetically induced transparency (EIT)
(Fleischhauer et al., 2005) for precise Rydberg spectros-
copy. EIT is a destructive interference effect with a very
narrow linewidth, and it can hence be used to measure
precisely the Rydberg series of energy levels. Mohapatra
et al. (2007) measured the fine-structure splitting of the
Rb nd series with n up to 96. In the same work, it was
pointed out that due to the large dipole moment of
Rydberg excited states they are very sensitive electric
field probes. The narrow EIT linewidth thus makes it
possible to detect a small electric field or, conversely, to
control the transmission properties of an atomic en-
semble with very weak switching fields (Mohapatra et
al., 2007, 2008; Bason et al., 2008). Rydberg spectroscopy
using EIT signals in Cs cells has also been demonstrated
(Zhao et al., 2009). In addition EIT has been shown to
be useful for the determination of atom-wall-induced
light shifts and broadenings in thermal vapor microcells
(Kubler et al., 2010).
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In order to get a sense of the errors involved consider
the following example of excitation of the ¥Rb 100ds),
level via 5p;),. Assume 7 polarized beams with powers
of 1 uW at 780 nm and 300 mW at 480 nm focused to
spots with Gaussian waist w=3 um. This gives single-
photon Rabi frequencies of 225 and 210 MHz. The light
is detuned from Sp3;, by A,/27=20 GHz. These param-
eters couple m=0 ground states to m==+1/2 Rydberg
states with a Rabi frequency (}/27=1.2 MHz. The prob-
ability of spontaneous emission from the p level during a
m pulse is P,,=5x%107*. The fractional excitation error
after a 7 pulse due to Doppler broadening is Ppgppier
=|6/Q|% For ¥Rb atoms at T=10 uK and counterpropa-
gating excitation beams we find Ppppier=4 X 107*. Thus,
coherent excitation of a very high-lying Rydberg level
with combined spontaneous emission and Doppler er-
rors below 107 is within reach of current experimental
capabilities.

It is also necessary that the two-photon excitation be
performed with well-stabilized lasers so that the detun-
ing 0=w;+w,—w, is small compared to (). This can be
achieved by locking the lasers to stabilized optical refer-
ence cavities (Bohlouli-Zanjani et al., 2006; Johnson et
al., 2008). It is also possible to use the Rydberg atoms
themselves as a frequency reference (Abel et al., 2009).
The relative phase of w;,w, should also be well defined
for the duration of a Rabi pulse. Locking the lasers to
stable, high finesse resonators readily gives linewidths at
the ~100 Hz level which is more than adequate for us
time scale pulses. Modern frequency comb techniques
(Cundiff and Ye, 2003) could also be used for both fre-
quency and phase stabilization of the Rydberg lasers.

Even with the above imperfections under control
there is one more significant issue that must be con-
fronted before coherent Rabi oscillations can be ob-
served. We are coupling hyperfine ground states charac-
terized by quantum numbers n,1,j,1,s,f,m;,msto highly
excited Rydberg fine-structure states that have negli-
gible hyperfine structure and are therefore described by
the quantum numbers n',1,j',I' ;s,m; ,m;. In most cases
there are two Rydberg Zeeman states with different val-
ues of m! that have nonzero electric dipole matrix ele-
ments with the ground state. Only one Rydberg Zeeman
state is coupled to if we start from a stretched ground
state m;=+f or use w; with o, polarization coupling via
a npyp level. Apart from these special cases any differ-
ence in energy between the excited states due to m;
dependent Stark or Zeeman shifts will lead to a complex
nonsinusoidal excitation dynamics since () is also depen-
dent on m]f . To avoid this problem it is necessary to
optically pump the ground-state atoms into a specific m;
state and apply a bias field to separate the m; states by
an amount that is large compared to ().

Taking the above considerations into account the first
demonstrations of Rabi oscillations between ground and
Rydberg levels were reported in 2008 (Johnson et al.,
2008; Reetz-Lamour, Amthor, ef al., 2008). Figure 21(a)
shows oscillations of single ’Rb atoms confined to an

Rev. Mod. Phys., Vol. 82, No. 3, July—September 2010

2061 b) 3
= .
508 TN IR PP
_50.4 . ® > .
o
c 03
2
}-3'0.2
g o1
(]
0
0 50 100 150 200 250 300 350

excitation time (ns)

FIG. 21. (Color online) Rabi oscillations between ground and
Rydberg levels: (a) using single atoms from Johnson et al
(2008) and (b) in a sample with ~100 atoms from Reetz-
Lamour, Amthor, et al. (2008).

optical trap with radius of about 3 um and optically
pumped into f=2,my=2. Rydberg excitation to
43ds,,m;=1/2 used m polarized lasers at 780 and
480 nm. The excitation laser beams had waists that were
a few times larger than the width of the optical trap so
the effects of spatial variation in the Rabi frequency
were minimized. The confining to an optical trap was
turned off before the excitation lasers were applied. Af-
ter a variable length excitation pulse the trap was turned
on again which photoionized the Rydberg atoms before
they could radiatively decay. Loss of a Rydberg atom
from the trap therefore provided a signature of success-
ful Rydberg excitation. The less than 100% probability
of exciting a Rydberg atom was attributed mainly to
Doppler broadening at 7=200 uK and the finite Ryd-
berg detection efficiency since the ratio of the photoion-
ization to radiative decay rates was y,;/ y~20.
Subsequent experiments extended these single-atom
results to even higher levels: 58d5), (Gaétan et al., 2009),
79ds,,, 90ds,, (Urban, Johnson, et al., 2009), 97ds,, (Isen-
hower et al., 2010), and 43ds,, (Zuo et al., 2009). With
sufficient optical power, and careful minimization of
stray electric fields, there is no reason why coherent ex-
citation cannot be pushed to even higher n. This is at-
tractive as a way of directly entangling many qubits, with
the number scaling as n? in a 2D array [see Eq. (34)]. A
new constraint arises when the energy separation be-
tween states n,/,j and n+1,/,j becomes comparable to
Q). Since the blockade gate spontaneous emission error
from Eq. (26) has a 1/Q7~1/Qn? contribution, and the
error due to excitation of multiple n levels goes as
[Q/(E, 1 j— Eps1 1) ~Q?n® minimization of the sum of
these errors is independent of n for large n. However,
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undesired excitation of the noncoupled ground state
which normally scales as 0%/ w?, will become significant
when 6, ,.1=|E, ;= E,.1,] <. A conservative esti-
mate of the limit can be deduced by putting Q/27
~1 MHz so that a 10~* gate error requires Spps1!2m
>200 MHz which corresponds to n~325. We conclude
that coherent two-photon oscillations with high fidelity
are in principle feasible up to n~300 given the requisite
high power narrow linewidth laser system. A practical
limit may arise at lower n due to the need to control
external electric fields to limit Stark shifts which grow
~n’.

Much work has been done pursuing the observation
of coherent oscillations in a many-atom regime which is
an essential capability for the ensemble qubit protocols
mentioned in the Introduction, and discussed in Sec. V.
If the atomic sample is smaller than the range of the
Rydberg interaction, a VN collective enhancement of the
Rabi frequency is expected. However, even when a full
blockade is not achieved, Rydberg interactions serve to
dephase the coherent oscillations. Dephasing without
blockade was observed by Johnson et al. (2008) by load-
ing a small number of atoms into the optical trap. The
visibility of the Rabi oscillations quickly decayed as the
number of atoms was increased from one to close to ten.
As shown in Fig. 21(b) relatively weak oscillations have
also been observed in excitation to 47ds, with much
larger samples containing about 100 atoms (Reetz-
Lamour, Amthor, et al., 2008; Reetz-Lamour, Deiglmayr,
et al., 2008). In that work the size of the cold atom
sample was larger than the counterpropagating excita-
tion beams. In order to reduce the broadening effects
associated with a spatially dependent Rabi frequency
the much smaller 480 nm beam was given a close to “top
hat” spatial profile. Inspection of Fig. 21(b) shows that
the excitation is only partially returned to the ground
state due to the presence of dephasing mechanisms, as
well as “excitation trapping” resulting from population
transfer to additional Rydberg levels not coupled to the
light field (Reetz-Lamour, Deiglmayr, et al., 2008). These
dephasing effects are qualitatively well reproduced by
model calculations describing mesoscopic samples
(Stanojevic and Coté, 2009).

Other excitation schemes going beyond simple square
pulses have also been used in attempts to observe col-
lective oscillations. Stimulated Raman adiabatic passage
using a counterintuitive pulse sequence where the
480 nm laser is applied before the 780 nm was used to
demonstrate excitation probabilities as high as ~70% in
mesoscopic samples of cold atoms (Cubel et al., 2005;
Deiglmayr et al., 2006). Excitation of mesoscopic block-
aded samples has been studied using ultracold Rb atoms
close to the Bose-Einstein condensate (BEC) transition
temperature (Heidemann et al, 2007, 2008). The VN
scaling was observed, and will be discussed in connec-
tion with collective effects in Rydberg ensembles in Sec.
V.A. The dephasing effects of atomic motion and Ryd-
berg interactions can be compensated for using rotary
echo techniques, which have been explored in recent
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FIG. 22. (Color online) Two-atom Rydberg blockade. (a) The
experimental data for Rydberg excitation of the target atom
with and without a control atom present. (b) A Monte Carlo
simulation accounting for experimental imperfections. The
amplitude of the curve fit to the blockaded oscillations is a
=0.09 (experiment) and a=0.11 (simulation). From Urban,
Johnson, et al., 2009.

calculations (Herndndez and Robicheaux, 2008b) and
experiments (Raitzsch et al., 2008; Younge and Raithel,
2009). Although coherent excitation in many-atom
samples has been studied in several experiments, and
signatures of collective effects are clearly seen, a high
visibility time domain record of many-body Rabi oscil-
lations has not been achieved. This remains a challenge
for quantum information applications of Rydberg en-
sembles.

C. Two-atom blockade, two-qubit gates, and entanglement

Recently it has been shown by experimental groups at
Wisconsin and at Institute of Optics, Palaiseau that the
experimental methods described above can be combined
to demonstrate Rydberg blockade (Gaétan et al., 2009;
Urban, Johnson, et al., 2009), two-qubit quantum gates
(Isenhower et al., 2010), and entanglement generation
between two atoms (Isenhower et al., 2010; Wilk et al.,
2010).

The blockade experiment in Wisconsin (Urban,
Johnson, et al., 2009) showed that excitation of a Rb
atom to 90ds/, blocked the subsequent excitation of an
atom at R=10 um with a fidelity of about 90%. Experi-
mental data together with a Monte Carlo simulation tak-
ing into account the finite blockade strength and experi-
mental imperfections are shown in Fig. 22.
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FIG. 23. (Color online) Collective excitation in the blockade
regime. Excitation of one atom vs collective excitation of two
atoms separated by 3.6 um. The circles represent the probabil-
ity to excite atom a when atom b is absent. A fit to the data
yields a frequency of this Rabi oscillation Q/27
=7.0+£0.2 MHz. The squares represent the probability to excite
only one atom when the two atoms are trapped and are ex-
posed to the same excitation pulse. The fit gives an oscillation
frequency Q/27=9.7+0.2 MHz. The ratio of the oscillation
frequencies is 1.38+0.03 close to the value y2 expected for the
collective oscillation of two atoms. From Gaétan et al., 2009.

A closely related experiment in Palaiseau (Gaétan et
al., 2009) used simultaneous excitation of two Rb atoms
in traps separated by R~3.6 um. A strong blockade
shift was obtained using the 58ds3, FoOrster resonance,
which was first identified by Reinhard et al. (2007). The
first stage of the excitation used 794 nm light coupling
via the 5p;, level. This is preferable since the radial
matrix elements for excitation of nds), states are about
8X larger when exciting via the 5p;, level rather than
the 5ps3, level. As shown in Fig. 23 excitation of two
atoms with B> couples the two-atom state |ss) to the
symmetric singly excited state (1/ \2)(|gr>+e’¢|rg>) at the
collectively enhanced Rabi frequency () _\ZQ The \2
speedup is clearly seen in the data Wthh are strong evi-
dence for the creation of a two-atom entangled state.

The entanglement resides in the Rydberg levels and is
therefore very short lived. In a subsequent experiment
(Wilk et al., 2010) the Palaiseau group mapped the state
|r) to a different hyperfine ground state to create long-
lived entanglement of the form [#)=(1/42)(|01)+|10)).
Note that the phase ¢ present in the Rydberg entangled
state has been canceled by the mapping pulse, provided
it is applied fast enough to neglect atomic motion, which
is the case in the experiment. To verify the presence of
entanglement the coherence of the two-atom density
matrix was extracted from parity oscillation measure-
ments on the output states (Turchette et al., 1998) shown
in Fig. 24. The experimental results gave an entangle-
ment fidelity of F=0.46 which is just under the threshold
of F=0.5 for entanglement, whereas a perfectly en-
tangled state would have F=1. In the experiments there
was only a 61% probability of both atoms remaining in
the trap at the end of the entanglement sequence. Cor-
recting for the atom loss (Gaétan et al., 2010) it was
inferred that the remaining atom pairs were entangled
with a fidelity F=0.75(7).
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FIG. 24. (Color online) Measured parity signal. For different
durations #=Qr¢ of the analyzing Raman pulse. The data are
fitted by a function of the form y,+A cos(Qs)+ B cos(2Q1).
The error bars on the data are statistical. From Wilk er al.,
2010.

In work completed at the same time the Wisconsin
group extended their observation of blockade to demon-
stration of a CNOT gate. Taking advantage of their larger
10 wm atom separation and the ability to apply different
pulses to the two atoms they used a version of the am-
plitude swap gate (see Fig. 16), as well as the standard
Hadamard C, sequence of Fig. 16 to acquire the data
shown in Fig. 25. They also showed that by putting the
control atom in a superposition state (1/+2)(|0)+|1)) be-
fore running the CNOT gate they could create approxi-
mations to the entangled states |B)=(1/12)(|00)+|11))
or |B,y=(1/12)(|01)+]10)) depending on the input state
of the target atom. Using parity oscillations the en-
tanglement fidelity of |B;) was measured to be F
=0.48+0.06. The probability of losing at least one of the
atoms during the gate was measured to be 0.17, and cor-
recting for the atom loss an a posteriori entanglement
fidelity of F=0.58 was inferred.

These recent experiments represent the first demon-
stration of quantum gates and entanglement between a
single pair of trapped neutral atoms. The quality of the
results is comparable to that obtained much earlier in
Rydberg atom CQED experiments (Hagley et al., 1997;
Rauschenbeutel ef al., 1999). In both recent experiments
the entanglement fidelity obtained deterministically,
without correction for atom loss, was close to, but just
under the threshold of F=0.5. Correcting for atom loss
reveals a significant level of entanglement in the remain-
ing atom pairs. This nondeterministic entanglement is
not generally useful for quantum computing but is rel-
evant for other tasks such as Bell inequality experiments
(van Enk et al., 2007). Although promising, the initial
results should only be considered as first steps as they
lag far behind the high fidelity results obtained with
trapped ions (Benhelm et al., 2008b). Both the Palaiseau
and Wisconsin experiments suffer from excess atom loss
during the gate operation. This is in part due to the fact
that pulse or blockade errors, which leave the atoms
with a nonzero amplitude to be in a Rydberg state at the
end of the gate, lead to a corresponding probability for



Saffman, Walker, and Mglmer: Quantum information with Rydberg atoms 2337

a) state preparation
7 081 >

Probability of |10> or |00>

e o o o = o
N R D ® o =

o
o

6 8 10 12 14
Hadamard gap (us)

FIG. 25. (Color online) Rydberg blockade CNOT gate. Measured probabilities for (a) state preparation, (b) amplitude swap (A-S)
CNOT, (c) Hadamard controlled-Z (H-C,) cNOT, and (d) output states of the H-C, CNOT under variation in the relative phase of
the /2 pulses. The reported matrices are based on an average of at least 100 data points for each matrix element and the error

bars are +1 standard deviation. From Isenhower et al., 2010.

photoionization when the optical traps are turned back
on after the gate operation. Thus, the measured prob-
ability to observe two atoms after completion of the gate
was 0.61 in the Palaiseau experiments and 0.74-0.83, de-
pending on the input state, in the Wisconsin experi-
ments.

There is clearly a large gap between the theoretical
fidelity estimates presented in Sec. III.B and the experi-
mental results which show errors in the range of 30—
50 %. These errors can be largely attributed to technical
issues (atom loss due to finite vacuum, laser stability) as
well as motional effects since the atoms were relatively
hot in both sets of experiments [60 uK in Wilk ef al.
(2010) and >200 uK in Isenhower et al. (2010)]. The
ability to obtain quite good results with such hot atoms
is a testament to the robustness of the blockade interac-
tion. The Rydberg gate intrinsic errors are potentially
100-1000 times smaller than has been demonstrated. It
is likely that significant progress will be achieved in the
coming years, which will pave the way for quantitative
comparisons with the theoretical fidelity predictions, as
well as demonstrations of more complex operations with
several qubits. Continued development of the requisite
optical and laser systems, combined with improved con-
trol of the spatial and momentum distributions of the
atoms, will be important ingredients in ongoing work
aimed at approaching the theoretical limits.
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V. COLLECTIVE EFFECTS IN RYDBERG COUPLED
ENSEMBLES

A. Blockade scaling laws in extended samples

The original concept of quantum information process-
ing in atomic ensembles using dipole blockade (Lukin et
al., 2001) applies to localized samples small enough for
the blockade to act across the whole ensemble. To date,
no experiments have been done that satisfy this crite-
rion. However, a number of experiments, on much
larger samples, nevertheless show signs of the blockade
effect; these will be discussed below. These larger
samples are generally not useful for quantum informa-
tion processing but are of interest in giving insights into
the blockade effect. We refer to these samples as “ex-
tended,” reserving the term “ensemble” for situations
where blockade will allow only one Rydberg excitation
at a time.

The study of the behavior of cold Rydberg atoms in
MOTs began with the studies of Anderson et al. (1998)
and Mourachko et al. (1998) that showed clear effects of
Rydberg-Rydberg interactions. Subsequent work is re-
viewed by Gallagher and Pillet (2008). Many interesting
collisional phenomena have been observed in the tran-
sition of a Rydberg gas into a plasma and vice versa
(Killian et al., 2001; Gallagher et al., 2003; Choi et al.,
2007). Collective radiative phenomena, such as Rydberg
superradiance, have also been seen (Wang et al., 2007,
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FIG. 26. (Color online) In an extended sample under condi-
tions of blockade, only one Rydberg excitation is allowed per
blockade sphere, which also contains many ground-state at-
oms. These blockaded superatoms fill the excitation volume,
saturating the maximum number of excited Rydberg atoms to
a small value, and leading to sub-Poissonian Rydberg counting
statistics. From Cubel Liebisch et al., 2005.

Day et al, 2008). A distinguishing characteristic of
blockade is a dramatic suppression of excitation, leading
to low Rydberg densities. Even so, in extended samples
Rydberg transport is efficient enough for these effects to
still occur, making distinguishing blockade effects from
plasma dynamics difficult in many cases (Li et al., 2006;
Westermann et al., 2006). Other examples of fast reso-
nant excitation transfer at 100 ns—1 us time scales are
given by Mudrich et al. (2005), Nascimento et al. (2009),
and Younge et al. (2009). In cases where a MOT-sized
volume is excited, superradiance may compete with ex-
citation transfer effects (Day et al., 2008). These effects
will not be present for a single blockaded ensemble
where the probability of more than one Rydberg excita-
tion at a time is greatly suppressed. Thus in this section
we restrict our discussion to those extended sample
studies that directly bear on blockade phenomena.

In extended samples subject to strong local Rydberg
interactions, it is convenient to introduce the concept of
the “blockade sphere” (Tong et al., 2004), shown in Fig.
26. The excitation of a single Rydberg atom prohibits,
via the blockade mechanism, subsequent excitations of
other ground-state atoms within the radius R, of the
blockade sphere. Since the N, atoms within the block-
ade sphere are indistinguishable, they comprise an effec-
tive “superatom” (Vuletic, 2006; Heidemann et al., 2008)
that interacts with the excitation light via a collective
v‘m enhancement of the Rabi frequency. These basic
ideas explain much of the phenomena that have been
observed in extended samples.

1. Suppression of optical Rydberg excitation

We consider first the optical excitation of Rydberg at-
oms by a single-frequency laser. The blockade radius is
determined, within a geometrical factor, by the condi-
tion that the collective Rabi frequency be comparable to
the dipole-dipole shift (Low et al., 2009):

\/7]_RZQ = V(Rb), (36)

where 7 is the atom density. For a van der Waals inter-
action, the density of Rydberg atoms therefore saturates
at the value
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FIG. 27. Dependence of excitation fraction on principle quan-
tum number. From Tong et al., 2004.
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or, equivalently, the excitation fraction is

Q 2/5
”—;oc( n2C6> . (38)

The striking density, intensity, and principal quantum
number dependences implied by this relation are key
signatures of the blockade effect.

Equation (36) assumes that the collective Rabi fre-
quency is much larger than other line broadening
mechanisms such as laser linewidth or inhomogeneous
broadening by external fields. When the opposite limit
holds, the density of Rydberg atoms is limited to

F MR F
n oC — or — & 5 (39)
NG n VG

where I' is the linewidth of the Rydberg excitation. In
addition to the Rydberg density being independent of
the atomic density, the n'' dependence of Cg on princi-
pal quantum number is another strong sign of the block-
ade effect.

The dependence of the excitation fraction on Cg is
shown in Fig. 27. Using a nearly transform-limited 8.6 ns
laser pulse Tong et al. (2004) measured the excitation
fraction as a function of pulse intensity. The roughly fac-
tor of 2 ratio of the excitation fraction for the 70p and
80p data is consistent with the blockade density scalings,
and the comparison of either with the 30p case dramati-
cally shows the overall blockade effect. Singer et al.
(2004) and Singer, Reetz-Lamour, et al (2005) used
continuous-wave two-photon excitation to s states with
similar results, which in addition showed clear line-
shape modifications due to interactions.

These suppression effects should be considerably en-
hanced if the atom-atom interactions are made to be
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FIG. 28. (Color online) Enhanced excitation suppression by
tuning a Forster resonance in Cs. From Vogt et al., 2006.

1/R3. Vogt et al. (2006) showed a greatly enhanced sup-
pression by tuning a Forster resonance with an electric
field, as shown in Fig. 28, and Vogt et al. (2007) directly
compared van der Waals and Forster-enhanced block-
ade. The Stark tuned Forster resonance between just
two Rydberg atoms has also been observed (Ryabtsev et
al., 2010).

The most comprehensive study of the density and in-
tensity dependence of the scaling relation (38) is shown
in Fig. 29, which shows data from Heidemann et al.
(2007) represented according to the universal scaling
theory of Low et al. (2009). The experiment was done
with an evaporatively cooled Rb cloud just above the
BEC transition. The densities, approaching 10'* cm3,
put the experiment well into the fully blockaded regime
where the collective Rabi frequencies were much
greater than the single-atom linewidth. By varying den-
sities and Rabi frequencies, the dimensionless parameter
(Weimer et al., 2008)

b)

S
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o=hQ/(C4 n?)

&r
)

FIG. 29. (Color online) Scaling of (a) Rydberg excitation prob-
ability and (b) excitation rate with density-scaled Rabi fre-
quency. Adapted from Low et al., 2009.
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Q-
Co

was varied by two orders of magnitude. The cloud ge-
ometry, an elongated cylinder, was nearly fully block-
aded along the short cloud dimension, so the effective
dimensionality was likely somewhat less than 3. Low et
al. (2009) showed that the data are consistent with the
scaling relations assuming either 1D or 3D.

o=

(40)

2. Blockade effects on excitation dynamics

The excitation dynamics are also affected by block-
ade. In extended samples, there will be substantial inho-
mogeneous broadening that causes strong dephasing of
the collective Rabi oscillations. This inhomogeneous
broadening can be due to variation in the excitation la-
ser Rabi frequencies across the sample, as well as Pois-
sonian fluctuations in the number of atoms within each
blockade sphere. Thus the strongly dephased Rabi oscil-
lations average out to a mean excitation rate R for each
superatom that is proportional to the ratio of the square
of the collective Rabi frequency to the linewidth. The
transition between individual and collective excitation is
evident at very low intensities in Tong et al. (2004).

For monochromatic excitation, the superatom line-
width is determined by power broadening and is there-
fore proportional to the collective Rabi frequency. Thus
the superatom excitation rate will be approximately the
collective Rabi frequency. The measured quantity is

dNg RV _Q\mR)  NQ al
dt - R3 - R3 - 772/5C”5’ (41)
b b 6

where N is the total number of atoms in the sample of
volume V. Again, this constitutes a highly nontrivial
scaling with accessible experimental parameters. Low et
al. (2009) derived a universal scaling of the dimension-
less combination

_ dNgldt o5 (42)
CeN7

The measurements of Heidemann et al. (2007) are shown
in this way in Fig. 29 and obey this scaling law quite
closely.

Heidemann et al. (2008) studied Rydberg excitation in
Bose-Einstein condensates with variable thermal and
condensate components. The dramatic density varia-
tions between the condensate and the thermal cloud
give rise to multiple time scales for the blockade dynam-
ics. The superatom model was again successful in ex-
plaining the main features of the experiment.

Raitzsch et al. (2008) presented results of a rotary
echo experiment, done in a highly blockaded sample.
This involves exciting the atoms for a time 7, phase shift-
ing the Rabi frequency by m, followed by deexcitation
for time 7. The echo should, in the absence of dephasing
processes, allow reversal of coherent excitation even in
the presence of the very large collective Rabi frequency
fluctuations due to the fluctuations in atom number for
different blockade spheres. The dephasing rate, mea-

8Rr
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FIG. 30. (Color online) Sub-Poissonian atom statistics. Left:
Experimental Rydberg counting statistics, compared to a Pois-
son distribution of the same mean. Right: Mandel Q parameter
for atom densities in the range (1-5) X 10 em™ (top to bot-
tom) and for zero electric field and a Forster-resonant field Ep.
Adapted from Reinhard, Younge, and Raithel, 2008.

sured by the decay of the visibility with pulse time, was
found to increase with increasing density. An EIT ex-
periment, done with larger atom numbers, was also used
to deduce the dephasing rate by Raitzsch et al. (2009).
The roughly N%Q observed dependence of the dephasing
on Rydberg atom number is in reasonable agreement
with numerical simulations.

3. Sub-Poissonian atom excitation

The excitation of Rydberg atoms in a dense extended
sample will tend to fill the volume V to a maximum
number of Rydberg atoms V/R;. As pointed out by
Cubel Liebisch et al. (2005), the fluctuations in the num-
ber of Rydberg atoms should therefore be sub-
Poissonian. Figure 30 shows results from Reinhard,
Younge, and Raithel (2008) that demonstrate this effect.
The narrowing effect is clearly seen there and quantified
by the Mandel Q parameter

(Nz) — (Ng)’
Q (NP 1 (43)
that is zero for a Poisson distribution and negative for a
sub-Poissonian distribution. Note that the experimental
Q values are diluted by finite detection efficiency (Ry-
abtsev et al., 2007; Reinhard, Younge, and Raithel, 2008)
so that the actual distributions are more sub-Poissonian
than would be indicated from Fig. 30.

4. Modeling of ensemble blockade

It is desirable to go beyond the scaling type arguments
used above and improve understanding via detailed and
quantitative models of how blockade physics plays out
in large volume samples. A variety of approaches have
been taken as described here. In general, the various
methods are quite successful in accounting for a range of
experimental results.

For resonant excitation of Rydberg states, the basic
Hamiltonian to be simulated is
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QO
H-= E (?|rl><g| + HC) + E Vij|rir]‘><rir]'|. (44)

j<i

The first term is the Rabi coupling of the ground-state
atoms to the light, while the second is the interaction
between atom pairs. Three-body interactions are usually
ignored, though they may come in surprising ways as
recently pointed out by Pohl and Berman (2009); see
also the discussion in Sec. IL.E.

The first approach from Tong et al. (2004) was a mean-
field description where the effective Rydberg-Rydberg
van der Waals interaction was averaged to obtain a non-
linear Bloch equation for the Rydberg amplitudes. The
blockade volume was adjusted to have exactly one atom
in it at all times. Agreement with experiment was ob-
tained when the density or Cg coefficient was scaled by a
moderate value of 2.5.

Robicheaux and Herndndez (2005) performed a simu-
lation of a limited volume cube containing 30-160 at-
oms. Inside the cube the atoms were randomly placed
and they treated the effects of atoms outside the cube
with a mean-field model. The still untractable Hilbert
space was reduced in dimension by recursively introduc-
ing pseudoatoms of the closest atom pairs, with new col-
lectively enhanced Rabi frequencies. By further limiting
the Hilbert space to amplitudes with fewer than six ex-
citations, they were able to make the simulation trac-
table. They got results similar to those of Tong et al
(2004) and also presented calculations of the two-atom
correlation function, which as expected was nearly zero
inside the blockade radius, went through an intermedi-
ate peak above 1, and settled to 1 within a couple of
microns of the blockade radius. They pointed out that
the pair correlation function is quite sensitive to the de-
tuning of the laser as compared to the sign of the van
der Waals shift. This approach was further extended by
Herndndez and Robicheaux (2006), who also pointed
out the effects of anisotropic interactions on the pair
correlation functions and studied sub-Poissonian Ryd-
berg excitation statistics. A further fully quantum study
of 1D blockade (Sun and Robicheaux, 2008) looked par-
ticularly at the pair correlation functions and whether
they are reflective of entanglement or classical correla-
tion. Hernandez and Robicheaux (2008a) compared this
general class of methods to simplified Monte Carlo ap-
proaches in the context of the experiment of Heidemann
et al. (2007) and found them to underestimate the num-
ber of excited atoms, for reasons not clear.

Direct simulations using a truncated Hilbert space
have been done for up to 100 atoms (Weimer et al., 2008;
Low et al., 2009; Wiister et al., 2010). By removing states
from the full Hilbert space with Rydberg-Rydberg ener-
gies greater than some cutoff E, the size of the space
can be made tractable. A mean-field theory was also
found to compare quite closely, and both results agree
with the scaling laws.

Ates et al. (2006) approximated the coherent Rabi in-
teractions by rate equations, thereby reducing the com-
putational difficulties and allowing up to a few thousand
atoms to be treated in a Monte Carlo approach. The
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FIG. 31. (Color online) Phase diagram of blockaded Rydberg
excitation. A crystalline phase C is predicted to form for posi-
tive detunings when the van der Waals interactions are repul-
sive. For negative detunings, the excitation is off-resonance for
all atoms and the paramagnetic phase simply constitutes the
atom population predominantly in the ground state. From
Weimer et al., 2008.

justifications for these approximations were described
by Ates et al. (2007b), where master and rate equation
solutions were found to be similar in tractable cases.
This approach was used to analyze excitation suppres-
sion and sub-Poissonian atom statistics. The results were
found to be insensitive to the shape of the potential for
distances inside the blockade radius, consistent with the
blockade shift concept of Eq. (36). The effects of adia-
batic elimination of the intermediate p state for two-
photon excitation were discussed, and in particular Ates
et al. (2007a) pointed out that when the s-p coupling is
sufficiently strong to produce an Autler-Townes splitting
of the Rydberg spectrum, there can be an antiblockade
effect where the Rydberg-Rydberg interaction increases
the excitation probability by tuning the Autler-Townes
peaks into resonance. Such effects are clearly sensitive
to atom-atom spacings and would be most prominent on
an ordered lattice.

Chotia et al. (2008) presented a related kinetic Monte
Carlo simulation of blockade physics, along with a
mean-field Hartree-Fock density matrix analysis. A few
thousand atoms are simulated, including effects of field-
induced blockade interactions. These methods repro-
duced the experimental data of the same group.

Weimer et al. (2008) reasoned that there is a strong
analogy between Rydberg blockade and second-order
phase transitions for the case of repulsive isotropic
Rydberg-Rydberg interactions. Thus they approached
the problem of blockade from the perspective of statis-
tical mechanics. They transformed the problem into an
effective pseudospin representation. As shown in Fig.
31, when the light is tuned below resonance there is no
excitation in steady state. For positive detuning, Ryd-
berg excitation is possible and the atoms are predicted
to form a crystalline lattice. This appears related to the
prediction of Robicheaux and Hernandez (2005) of
peaks in the two-atom correlation function under similar
excitation conditions, as well as a recent calculation of
the formation of a 2D lattice structure in a Rydberg ex-
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cited ensemble (Pupillo et al., 2009). At zero detuning,
the Hamiltonian of the system depends only on the
single dimensionless parameter a=(/Cq7’ defined in
Eq. (40). In this regime the system is argued to exhibit
universal behavior; the fraction of Rydberg atoms fy
=mng/ nis a universal function of a. A mean-field analysis
leads to fgx~ o for small a, in agreement with the scal-
ing laws above.

Extending these ideas, Low et al. (2009) argued that
the system should exhibit a quantum critical point.
Drawing an analogy with ferromagnetism, they pre-
dicted that for positive detunings (and repulsive van der
Waals interactions) the system should condense into a
ferromagnetic phase with the Rydberg fraction being a
definite universal function of the parameter « and a
similar dimensionless detuning A= 8, /C477°, where §; is
the laser detuning. It is an important experimental chal-
lenge to see if the predicted ferromagnetic phase can be
observed for positive detuning.

A statistical mechanics approach to blockade was ana-
lyzed from another perspective by Olmos, Gonzalez-
Férez, and Lesanovsky (2009a) and Olmos, Miiller, and
Lesanovsky (2010), who compared direct integration of
the Schrodinger equation of a ring of atoms with perfect
nearest-neighbor blockade to a microcanonical en-
semble. The steady state of both approaches agreed
well.

Most of the theoretical approaches to ensemble block-
ade described above have used a simplified treatment of
the Rydberg-Rydberg interactions. We note that in the
context of fully blockaded ensembles (sample size
smaller than the blockade radius), effects such as Zee-
man degeneracies and the angular distribution of excita-
tion, discussed in Sec. I1.C, play essential roles in deter-
mining the probability of double excitation. The general
success of the theoretical approaches in describing sup-
pression and other blockadelike effects for samples con-
taining many blockade regions is an interesting probe of
blockade physics, but the direct implications for the suc-
cess of quantum information applications of fully block-
aded clouds are not evident. For experiments and simu-
lations with s states, where the blockade shifts are nearly
isotropic and Zeeman degeneracy is not an issue, these
complications may be of less importance and extrapola-
tion to fully blockaded situations should be more reli-
able.

B. Preparation of single-atom states

An outstanding challenge for neutral atom quantum
computing is controlled loading of single atoms into an
optical lattice that is compatible with site specific ad-
dressing and control. A number of different approaches
to this problem have been discussed in Sec. III.D. Saff-
man and Walker (2002) proposed to use many-atom en-
tangled states created by Rydberg blockade as a means
of achieving deterministic single-atom loading. En-
tanglement is here a resource that is used, not just for
computation but for preparation of atomic number
states.
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FIG. 32. (Color online) Three-step protocol proceeding from
left to right for deterministic preparation of single-atom occu-
pancy following Saffman and Walker (2002). The initial num-
ber of atoms N is a stochastic variable.

The loading protocol is shown in Fig. 32. We start by
loading N atoms into an optical trap and preparing them

in state |0). Under conditions of Rydberg blockade a 7
pulse to Rydberg level |r) followed by a = pulse to 1)

creates the singly excited symmetric state |1). The re-
maining N—1 atoms left in 10) can then be ejected by
applying unbalanced radiation pressure from light that is
resonant with an auxiliary level |p). The trap can also be
lowered during this “blow-away” phase to facilitate ejec-
tion after only a small number of photon scattering
events. After the blow-away phase we are left with a
single atom in state 1) despite the fact that the initial
number N was random.

The essential question is the probability of success of
this protocol. Clearly if the initial atom number is N=0,
the protocol fails. With Poissonian loading statistics we
can restrict the probability of this happening to 10~ by
choosing (N)=7. It is not difficult to confine such a small
number of atoms to a volume of size much less than a
blockade sphere. A more serious difficulty is that the
Rabi frequency in step 2 is given by Qy=VNQ. Since N
is unknown, it is not possible with a simple uniform
pulse to have a pulse area that is independent of N.

One solution is to make (N)>1. It is then easy to
show that the error in exciting a single Rydberg atom in
the first half of step 2 is E=72/16{(N) which requires
(Ny~600 for a 107 error. A more fruitful approach is
likely to take advantage of a composite pulse sequence
to reduce the dependence of the pulse area on N. If we
take a moderate (N)=10 then the spread of pulse areas
due to variations in N is only about 30%. This spread
can be corrected for with high accuracy using composite
pulse schemes. Even without composite pulses success
probability of roughly 80% is possible at (N)=10 by op-
timizing with respect to the single-atom pulse area.

It is also possible to remove the dependence on N
entirely by relying on ejection of atoms from the Ryd-
berg state instead of from the ground state (Mglmer,
2009). Applying a 27 pulse to a single atom returns it to
the ground state, whereas an ensemble of N atoms ex-
periences a pulse area of \N27. As long as N is not a
perfect square there is a nonzero amplitude for an atom
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to be left in the Rydberg state after the pulse. This atom
can then be photoionized before it returns to the ground
state, and the sequence repeated until only one atom
remains. Cases where N is a perfect square can be
handled by adjusting the detuning of the Rydberg exci-
tation pulse.

C. Collective qubit encoding

At the current stage of development of quantum in-
formation processing demonstration experiments have
been limited to less than ten qubits. The development of
new approaches to encoding and interconnecting many
qubits is therefore a central challenge of current re-
search. The long-range nature of Rydberg interactions
together with the availability of a strong and control-
lable blockade interaction enable a “collective” ap-
proach to encoding of a multiqubit register (Brion,
Mglmer, and Saffman, 2007). As described in this section
collective encoding takes advantage of a multiplicity of
stable atomic ground states to encode a multiqubit reg-
ister in a many-atom ensemble, without requiring sepa-
rate addressing of the atoms. Quantum information is
thereby encoded in a distributed fashion that is an alter-
native to the usual serial encoding of one qubit for each
two-level quantum system. Using blockade interactions
one- and two-bit gates can be performed between any
pair of qubits using only globally applied control pulses.
This feature of the collective encoding approach has the
potential of simplifying the wiring of a quantum com-
puter.

In order to take full advantage of this approach we
store information in all of the atomic Zeeman states, not
just clock states with optimum coherence properties. Ef-
fective utilization of collective encoding therefore pre-
supposes control of the magnetic field environment of
the atoms. While this is a technical challenge, it appears
fruitful to nevertheless explore the collective approach
due to the potential for a substantial reduction in com-
plexity of a functioning quantum register.

Figure 3 shows the proposal in Lukin ef al. (2001) to
encode a single qubit in symmetric, collective states of
an ensemble of atoms, either having all atoms in the
same internal state 10) or having precisely one atom
transferred to the other internal state |1). If an external
perturbation couples these states with exactly the same
strength g for all atoms,

N
V=2 g(|0)(1] + 1,0}, (45)
j=1

the collective states [0V)=|0,---05) and [1'0VT)
=(1/ \W)EAO' --1;---0) experience an enhanced coupling
strength gy=(1'0V"1|V5|0My=1Ng. In Eq. (45), spatially
dependent phases of the exciting laser fields have been
absorbed in the atomic internal states [0;), |1,). This is a
convenient approach for atoms at rest, while time-
dependent phases for moving atoms translate into Dop-
pler shifts. In the following we assume cold, trapped at-
oms in an optical lattice potential. The interaction (45)
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also drives further excitation of symmetric states
[120N=2), [1307N=3)- -, with two, three, and more state I1)
atoms, and for sufficiently large N, these states form the
ladder of states of an effective harmonic oscillator. To-
gether with the enhanced coupling strength this consti-
tutes the basis for using atomic ensembles as quantum
memories for quantum states of a light pulse (Julsgaard
et al., 2004).

Lukin er al. (2001) suggested if the Rydberg blockade
applies to the whole collection of atoms, it is possible to
restrict the collective states of the ensemble to the pair
of states (JOV)y and |[1'0V~!)) with zero and one atom in
state I1), only, and thus to implement a logical qubit in
the atomic ensemble. To carry out an arbitrary qubit
operation on this qubit without accessing states with
more than a single atom in state I1), one applies the
following sequence of three pulses: (i) a resonant 7 pulse
on the |1)—|r) internal state transition transfers the col-
lective state |1'0Y~') component to the symmetric state
with one Rydberg excited atom,

1
|r10N—1> = Tr\lz |0 "'Vj“‘0>; (46)
VN

(ii) the desired qubit operation is implemented as a co-
herent, resonant transition in the closed two-level sys-
tem of states [0V) and |r'0ON"!); and (iii) a resonant =
pulse on the |r)—|1) transition finally transfers the result-
ing |[r'0N=!) component back to the qubit level |110V1).

Note that these operations act as if resonant lasers are
only applied to single atoms (except that the |0)—|r)
transitions are collectively enhanced) and during pulse
(ii), the Rydberg blockade interaction takes care of the
restriction of the dynamics to the desired collective
states of the system. Lukin ef al. (2001) also proposed to
implement conditional quantum gates on several qubits
stored in separate ensembles, either by direct interaction
if the ensembles are within the long-range Rydberg in-
teraction of each other or by transferring the states of
the ensembles into a single intermediate ensemble and
carrying out the operation here, before transferring the
(now entangled) qubits back to their original ensembles.

Making use of more states in the internal level struc-
ture of the atoms, it is possible (Brion, Mg@lmer, and
Saffman, 2007; Brion et al., 2008) to encode several
quantum bits in the collective states of a single atomic
ensemble. Figure 33 shows the conventional encoding of
K quantum bits in K separate two-level systems [part
(a)] and collective schemes making use of a large en-
semble of (K+1)-level systems [part (b)], and
(2K +1)-level systems [part (c)], respectively. Figure
33(a) shows the lower and upper states 10) and I1) of K
separate particles encoding a full register of K qubits,
while Figs. 33(b) and 33(c) show the multilevel structure
of a single atom and the collective population of the
individual levels in a collection of atoms. It is assumed
that the collective states in Figs. 33(b) and 33(c) are sym-
metric under permutation of the individual atoms and
that the filled circles merely indicate the number of at-
oms populating the different internal states. With the
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FIG. 33. (Color online) Three different ways of encoding the
K-bit state 101---001). (a) Conventional encoding in K two-level
systems. (b) Collective encoding in an ensemble of (K +1)-level
systems. Filled circles represent the number of atoms populat-
ing the given single-particle state |i). (c) Collective encoding in
an ensemble of (2K +1)-level systems. Each qubit value is de-
termined by the population, represented by the filled circles,
within the pair of states {|iy),|i;)}, and each pair of states has a
definite total population of unity.

definition that a unit population of the ith level implies a
bit value of 1, while a vanishing population implies a bit
value of 0 in Fig. 33(b), we can encode a register with K
qubits in an ensemble of (K+1)-state atoms provided
that the ensemble size N=K so that all K qubit states
can be populated by a single atom. Figure 33(c) shows a
slightly more involved level scheme where K pairs of
levels are identified and where qubit values zero and
unity are identified with symmetric atomic states popu-
lating one or the other of the states in each pair by a
single atom. Observe that Figs. 33(a)-33(c) show the dif-
ferent encoding schemes for the same K-qubit register
state 101---001). In Figs. 33(b) and 33(c), the population
in the internal state denoted 10) plays the role of an
atomic “reservoir,” being crucial for the exchange of
population in one- and two-bit gates and for initializa-
tion and implementation of error correction (Brion,
Mglmer, and Saffman, 2007; Brion et al., 2008).

We now discuss the collective encoding scheme shown
in Fig. 33(b). We formally associate the binary register
state |ny,n,,...,ng) (n;=0,1) with the symmetric state of
the ensemble with n; atoms populating the internal
states |i). In this way the binary representation becomes
a number state representation of the symmetric states of
the ensemble specifying the number of atoms #n,;,=0,1
populating each register level |i).

Using a notation as in Fig. 3, for a single ensemble
qubit, with bars over numbers 0 and 1 indicating logical
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qubit values, we can write the following examples of
3-bit register states:

67676> - |0102 : 0N>’

- - -1

10,1,0) = =2 10,0, ++2;+- Oy), (47)
VN

10,0 =——S 3+ Oy

,U, 1) =7 1 kT
VNN - 1) jk ! N

Including the superposition states, the basis

{lny,n,, ... ,ng),n;=0,1} fully explores the 2X dimension-
ality, of the register Hilbert space of a K qubit quantum
computer. The full Hilbert-space dimension of our en-
semble of N=K atoms is, indeed, much larger, but the
restriction to symmetric states with no register state
population exceeding unity, yields precisely the qubit
register dimension. Physically, these restrictions are im-
posed by the interactions: by addressing the system col-
lectively we preserve the symmetry of states with respect
to permutations among the atoms and by application of
the Rydberg blockade, we restrict the population of all
information carrying states to zero and unity. In practice,
ensemble sizes an order of magnitude larger than the
register size, N=10K, or even more, may improve a
number of properties of our proposal and do not impose
major experimental problems: atomic ensembles of
thousands of atoms are routinely produced and manipu-
lated in quantum optics laboratories.

The states 10) and |i) can be chosen as the Zeeman
sublevels of atomic hyperfine ground states or meta-
stable excited atomic states. One must ensure that the
interaction with the atoms does not entangle their inter-
nal state with their motion, i.e., they must be trapped by
potentials which act identically on all internal states.
Far-off-resonance optical traps, or small (micron-sized)
glass cells (Kiibler et al, 2010) may meet this demand.
One must also ensure that ground-state collisions among
the atoms do not perturb their internal states. This can
be ensured by trapping the atoms in an optical lattice.
Note that the distance between the trapping sites in typi-
cal optical lattices is of the order of a few hundred na-
nometers, and hence the Rydberg blockade may be effi-
cient over a volume containing thousands of such sites.
A more detailed estimate of the maximum size of a
blockaded ensemble can be found in Sec. III.D.

A specific implementation for Cs atoms is shown
in Fig. 34. We initially prepare the register state

[0,0,...0)=]0,0,---05), where all atoms are optically
pumped into the internal “reservoir” state |0)=|f=4,m;
=0). An applied magnetic field Zeeman shifts all hyper-
fine states, such that state selectivity is obtained through
the resonance condition on the optical transitions. For
effective Rydberg blockade the atoms are transferred by
a two-photon excitation from the hyperfine ground state
to high-lying interacting s states with n=50. The hyper-
fine interaction is very weak for Rydberg excited atoms,
and the hyperfine structure of the Rydberg level is un-
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FIG. 34. (Color online) Cesium level scheme and identification
of qubit register. Encoding of reservoir state 0 and 14 register
states in the Zeeman ground states of Cs. Coupling of |3)=|f
=4,m=2) and |6)=|f=4,m=-2) to Rydberg states is shown.

resolved. The hyperfine ground states are thus coupled
to excited fine-structure states with good electron spin
magnetic quantum numbers, |ns,,m=+1/2). In Cs, dif-
ferent ground- to Rydberg excited-state transitions are
separated by at least ugB/4#%, with uyz the Bohr magne-
ton, and as long as this quantity is large compared to the
two-photon excitation Rabi frequency () the ground
states can be selectively excited. Taking into account the
finite lifetime of the Rydberg level, optimum parameters
are /27~1 MHz, and a modest field of B~15G
will provide a sufficient splitting of levels to suppress
undesired excitation to the 1% level. Due to the value
of the Landé factor, however, two transitions, |6s;,,
f=4,m=-4)y—|ns;,,m=-1/2) and |6sy,,f=4,m=4)
«|nsyp,m=1/2), are degenerate. This implies that the
ground states of these transitions are not as easily distin-
guished, and we suggest to exclude one of them from the
encoding, leaving 15 readily distinguishable ground
states for the register encoding. This implies that with a
small cloud of Cs atoms, we can encode a 14-qubit quan-
tum register using only collective addressing. In addition
to the use of external fields to lift degeneracies as shown
in Fig. 34, techniques from optimal control theory may
serve to identify shaped pulses that may even distinguish
degenerate register states.

Since the individual bits refer to the population am-
plitudes of different internal states, one- and two-bit op-
erations are carried out as if they are effectively opera-
tions on single atoms, as detailed in the following
section, but we emphasize that due to the collective na-
ture of the encoding and the blockade, there is no need
for addressing of individual atoms.

An effective readout mechanism can be achieved by
coupling the register levels in a controlled manner to
excited states from which ionization can be observed, or
by repeatedly transferring the qubit content by a C-NOT
operation to another readout collective qubit, which
may be probed by fluorescence on an optical transition
decaying back to the reservoir state [cf. the similar ap-
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FIG. 35. (Color online) qubit in the collective encoding
scheme. A m pulse transfers (i) the population in |i} to |r), (i) a
coherent coupling is applied on the two-state system with zero
and one atom in |r), and (iii) a 7 pulse transfers level popula-
tion in |r) to |i).

proach applied in ion traps (Rosenband et al., 2008)].
The directed, collective photon emission of extended
atomic samples and the Rydberg blockade may also be
utilized for effective readout, as proposed by Saffman
and Walker (2002, 2005b).

D. Ensemble gates and error correction

We now show how to implement one- and two-bit
gates on collectively encoded qubits in atomic en-
sembles, assuming that the atomic ground states are
spectroscopically distinguishable and making use of
state selective resonant optical transitions and the Ryd-
berg blockade mechanism.

1. Single qubit gates

In the encoding suggested in Fig. 33(b), a phase gate
on the ith qubit can be implemented straightforwardly
by selectively perturbing the ith energy level, leading to
a phase shift of precisely the components of the states
with a single atom populating that state. In Fig. 35 we
show how to use the Rydberg blockade to perform a
selective rotation on the ith qubit, i.e., between the col-
lective states of the ensemble with zero and one atom
populating the atomic level [i). As in our explanation of
how single-qubit gates are performed on the ensemble
qubit, shown in Fig. 3, this rotation requires three steps:
(i) a swap of the population between the state |i) and
the Rydberg state |r), (ii) a coherent coupling on the
|0)—|r) atomic transition, and (iii) return of the |r) com-
ponent to the atomic state |i). None of these processes
require individual addressing of the atoms, but while the
first and last processes are driven as single-atom state
selective 7 pulses, the middle process is collectively en-
hanced due to the population of the reservoir state |0).
Since the occupation of all register states are quantum
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FIG. 36. (Color online) Two-qubit operation in the collective
encoding of qubits: (i) transfer of the population in [i) to |r), (ii)
an attempted transfer of the population in |j) to another Ryd-
berg state |r') and back, blocked in the presence of an atom in
state |r), and (iii) return of the population in |r) to |i). This
sequence of operations is equivalent to the sequence shown in
Fig. 2 for individually encoded qubits and causes a Z gate on
the jth collectively encoded qubit, conditioned on the state of
the ith qubit.

degrees of freedom, the reservoir population n
=N-2;n; may attain a wide range of values, and it is an
advantage to assume N> K, so that the collectively en-
hanced Rabi frequencies are almost identical, or suffi-
ciently close that composite pulses (Cummins et al.,
2003) may compensate for their differences.

In the collective encoding using a pair of states for
each qubit, shown in Fig. 33(c), single-qubit gates are
simpler, as they are obtained by coupling directly the
relevant pair of atomic states |ip) and |i;), e.g., via an
optically excited state. There is no collective enhance-
ment of the transition, which thus proceeds as if we were
interacting with only a single atom, and Rydberg block-
ade is not needed to restrict the total population of the
states involved.

2. Two-qubit gates

The implementation of two-bit gates in our ensemble
scheme is different from the Rydberg blockade gate in
the individual atom proposal shown in Fig. 2, where the
excitation of one atom prevents the excitation and accu-
mulation of a phase shift by another atom in the qubit 1
state. In the collective scheme, shown in Fig. 36, we use
that the excitation of the Rydberg state from a logical 1
of the ith bit, i.e., from a single atom populating the
“control” state |i), prevents the resonant driving toward
another Rydberg state |r’) of an atom populating the
“target” state |j), if atoms in these two Rydberg states
experience the blockade interaction. Unlike the indi-
vidual atom proposal (Jaksch et al., 2000), we make use
here of two different Rydberg states |r) and |r’), because
an atom excited from |i) into |r) may be subsequently
driven into |j) if these states are coupled sequentially to
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the same Rydberg state.” In the encoding via state pairs,
shown in Fig. 33(c), two-bit gates are carried out in es-
sentially the same way, namely, by transfer of one of the
qubit i states to a Rydberg state |r), followed by a con-
ditional dynamics on the jth qubit via another Rydberg
state. The possibility to couple simultaneously (bright)
linear superpositions of the |iy)) states and of the [jo))
states to the respective Rydberg states makes a wider
variety of two-bit gates available in single shot opera-
tions (Roos and Mglmer, 2004).

3. Error correction

We now turn to the issue of errors occurring in the
collective encoding scheme for quantum computing. The
conventional paradigm for quantum computing is that
individual bits are stored in individual physical systems
and correction of errors that occur to individual bits is
possible by a suitable redundant encoding of logical qu-
bits in special code words using several physical qubits.
These error correction techniques, which can check and
restore the code words without destroying the quantum
content of the states, however, do not apply if errors
happening to a single atom do not just affect a single
qubit and if we can only collectively and symmetrically
address all atoms in the ensemble. In the case of collec-
tive qubit encoding via pairs of states, cf. Fig. 33(c), it is,
however, possible to check for errors and repair them by
simple encoding schemes. We give here a review of the
main ideas and refer the interested reader to Brion et al.
(2008) for further details.

Since the ensemble is supposed to consist of a number
of particles much larger than the number of qubits (N
> K), each atom most likely occupies the reservoir state
|0), and the loss of a particle therefore most likely leaves
the unit population in the qubit state pairs |iy), |i;) intact.
We therefore propose to monitor the total population in
each qubit pair of states and as long as this population is
unity, we assume that no error has occurred. If, however,
one finds zero occupancy of a qubit state pair, one re-
verts to a unit occupancy by transferring a single atom
from the reservoir state, via the Rydberg state, to the
state |ip). This is very unlikely to be the correct state of
the qubit, but we know which qubit position in the reg-
ister has been thus compromised, and if we use a simple
redundant code of two physical qubits per logical qubit,
we can reestablish the correct state by a C-NOT gate op-
eration, where the compromised qubit is the target and
the uncompromised partner qubit is the control qubit. A
more worrisome situation occurs if an atom decays into
a qubit state, which is already collectively occupied by
other atoms in the sample. This is a problem both be-
cause it leads to a logically meaningless double occu-
pancy of a collective qubit level and because the errone-
ous single atom is capable of controlling the other atoms

*The requirement of two Rydberg states can in principle be
dropped if we use composite Rydberg pulses to discriminate
between the 2 difference in Rabi frequency of singly and dou-
bly occupied states.
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FIG. 37. (Color online) Hyperfine structure of the Ho 4f'16s>
(4115/2) ground state. Assignment of 60 qubits with two atomic
states per bit is indicated together with values of the hyperfine
splittings and g factors.

by the Rydberg blockade. We have only the same access
to all the atoms, but we recall that the collectively occu-
pied states experience a VN enhanced coupling strength,
whenever the internal atomic state is coupled to the
macroscopically populated reservoir state. Precisely this
enhancement distinguishes a single atom populating a
given state from a symmetric collective population and
by driving suitable transitions in the system, it is possible
to either dispose of the single atom with the erroneous
population or return it to the reservoir state (Brion et al.,
2008).

E. A 1000-bit collectively encoded computer

Using cesium atoms, we achieve 14 collectively en-
coded qubits or alternatively seven qubits with the en-
coding of qubits in pairs of states. We are not, however,
restricted to alkali atoms, and in Fig. 37 we show the
hyperfine structure of the ground state in holmium at-
oms. Holmium has one stable isotope '“*Ho which has a
ground electron configuration 4f1'6s> with /=15/2 and a
nuclear spin of [/=7/2 giving hyperfine levels with 4
<F=<11, i.e., a total of 128 hyperfine states. In Fig. 37
we show all these states with a proposed qubit assign-
ment to each pair of states, cf. Fig. 33(c), and we indicate
the energy splittings and the Landé factors for the dif-
ferent levels, of relevance to the selective addressing of
different transitions, when the atoms reside in a uniform
magnetic field. Holmium is a rare-earth atom, and like
other rare-earth atoms, we expect laser cooling and trap-
ping of holmium to be possible based on success with
other rare-earth elements (McClelland and Hanssen,
2006; Lu et al., 2010), and hence implementation of 60
qubits in a small trapped ensemble of holmium atoms
may be possible with our proposal.

Saffman and Mglmer (2008) further analyzed the pos-
sibility to trap several ensembles, each providing 60 bits
of information, and thus approached a 1000-bit quantum
computer with only 16 ensembles in a 2D architecture.
With a few micron separation between the ensembles it
is possible to use the Rydberg interaction gate as in Sec.
ITII.C to accommodate interensemble gate operations.
Hence neither optical communication nor transport of
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atoms is necessary to reach a moderately large scale
quantum computer.

There are undeniably many challenges associated with
implementing a large scale collectively encoded register.
Since the interaction gate depends sensitively on the
separation between atoms (see Fig. 15), it appears diffi-
cult to reach a gate error of 0.001, especially considering
the finite size of each ensemble, relative to the interen-
semble spacing. The interensemble gate errors will
therefore tend to be higher than for gates between qu-
bits in one ensemble. There are possible solutions to this
difficulty, including implementing gates via a two-step
process that uses an intermediary single ensemble (or
single atom) located far enough away to minimize sensi-
tivity to the interensemble spacing. Rare-earth atoms
that are relatively poorly studied and have not been
widely used for laser cooling present an additional set of
challenges. A large number of lasers of different wave-
lengths and frequencies are required for the various in-
ternal state manipulations. In addition, as mentioned
above, excellent magnetic field stability is needed to
achieve long coherence times between states with a lin-
ear differential Zeeman shift. Again, there are possible
approaches to mitigating this sensitivity. One possibility
is to encode information in logical bits, each containing
four internal states with quantum numbers |f,+m),
|f",+£m). Such a combination has zero linear Zeeman
shift, at the expense of reducing the register size by a
factor of 2.

In some sense we have transferred the complexity of
moving quantum information spatially, by implementing
gates between qubits in an array, to the problem of
implementing gates between a multiplicity of nondegen-
erate internal states. Although the overall complexity
required to build a large quantum processor will remain
high, we believe it is worthwhile to explore a range of
approaches. Indeed, there is no known simple approach
to building a 100- or 1000-qubit scale quantum logic de-
vice.

F. Many-particle entanglement

We note that our collective coding of qubits makes
explicit use of many-particle entangled states, and a
single collective qubit attaining the classical logical value
1 is equivalent to an entangled, so-called W state. En-
tangled logical qubits, e.g., a Bell state in a two-bit reg-

ister |01)+|10), are physical states of our ensemble which
are not particularly more entangled than the “classical”

logical qubit states |01) and |10 in our collective encod-
ing of the same quantum register. In this section, we
consider how the Rydberg blockade may be used to en-
gineer a variety of entangled states, but our focus here is
not on quantum states for quantum computing, but on
the few- and many-particle states that find other appli-
cations, e.g., in high precision measurements. Internal
state energy differences provide the definition of time in
atomic clocks and they are sensitive to external pertur-
bations, such as magnetic fields, which can hence be
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probed more precisely with squeezed states or other
kinds of entangled states. With state dependent forces,
entangled states may be used in interferometers and
yield enhanced sensitivity to external motion and iner-
tial effects. This also implies that we explore symmetric
states of the atomic ensembles, where the collective
population of the internal states is the interesting quan-
tum degree of freedom, and is not restricted to the val-
ues of zero or unity.

1. Spin squeezing

Bouchoule and Mglmer (2002) proposed to use
Rydberg blockade to squeeze the collective spin variable
associated with the effective spin-1/2 description of
stable pairs of atomic states. Spin-squeezed states show
less quantum mechanical spreading of one of the collec-
tive spin components at the expense of increased fluc-
tuations in another component. The possibility to
squeeze the spin has led to suggestions for the use of
spin-squeezed states in precision metrology and is de-
scribed by Wineland et al. (1994), while the connection
between measured values for the mean and variance of
different collective spin components and the degree of
multiparticle entanglement among the individual par-
ticles is quantified by Sgrensen and Mglmer (2001) and
T6th et al. (2007). By analogy with the quantum optical
squeezing of light, which is achieved by a Hamiltonian,
quadratic in photon creation and annihilation operators,

qu = 562 + g*(éfr)Z, (48)

we obtain spin squeezing by processes that simulta-
neously transfer pairs of atoms between the internal lev-
els, while processes that transfer the atoms indepen-
dently of each other only cause a rotation of the
collective spin vector. The spin-squeezed state is a super-
position of states with different even numbers of atoms
transferred to the initially unpopulated state.
Bouchoule and Mglmer (2002) observed that two-
photon transitions between a pair of ground states and
the Rydberg state constitute an effective four-photon
Raman transition between the ground atomic states. If
lasers are used which accommodate two oppositely de-
tuned transition paths for these Raman transitions,
single-atom transitions are energetically suppressed,
while the eight-photon process where two atoms are si-
multaneously transferred from one to the other ground
state becomes resonant, provided the atoms follow tran-
sition paths with opposite four-photon Raman detun-
ings. The high order collective pairwise transition of two
atoms with no intermediate single-atom resonances is of
course very weak, see for example, Brion, Mouritzen,
and Mglmer (2007), but as suggested by Bouchoule and
Mglmer (2002) the collective enhancement applies to
speed up the transitions. Furthermore, the degree of
squeezing, measured by the reduced variance of the
squeezed spin component relative to the value in the
spin coherent state, is given by the total number of at-
oms transferred, and in large samples of atoms substan-
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tial spin squeezing thus requires only a small transfer of
ground-state population per atom.

2. GHZ states

Stronger and also more fragile entanglement is shown
by the Greenberger-Horne-Zeilinger (GHZ) states,
which are superposition states of the form [0)N+[1)V,
where all atoms occupy one or the other internal state
10) or I1). Several schemes have been suggested for the
production of GHZ states by Rydberg blockade, and we
here distinguish between the situation where one has
access to a single atom, which is capable of controlling
the evolution of an ensemble of N other atoms, and the
situation in which we have only access to the collective
degrees of freedom of a single ensemble consisting of N
atoms.

If a single individually addressable atom in the vicinity
of N atoms in the ground state |0) can be excited into a
superposition of a ground and Rydberg excited state, the
joint system will occupy the state

1
W, ina) = V—5(|0> +[r) @ [0%). (49)

Following the ideas presented by Lukin et al. (2001) and
assuming that all atoms are within the Rydberg blockade
distance of each other, a sequence of resonant pulses on
the |0)—|r) and the |r)—|1) transition directed onto the
sample of N atoms can then lead to the GHZ state by
producing first the state

1
|\I}r,col> = ,_’§(|O> ® |r10N71> + |I"> ® |ON>)> (50)
\J

where we observe the Rydberg blockade of simulta-
neous excitation of the control atom and the N-atom
ensemble (for simplicity, we disregard phase factors as-
sociated with Rabi oscillations in the following argu-
ments). The symbol |r'0¥1) denotes the permutation
symmetric state of the N indistinguishable atoms with
one Rydberg atom and N-1 state |0) atoms. A subse-
quent pulse of light on the N-atom sample on the
|r)=|1) transition leads to the state

W) = %("” ® 10N + [ @ o), (51)
AY

and repeating the pair of pulses on the N-atom sample
on the two transitions with durations matched to the
collective transfer Rabi frequencies, the sample state,
correlated with the ground state |0) of the control atom
is gradually transferred to the state [1V). The joint state
of all atoms is then equivalent to the GHZ form.
Recently Miiller et al. (2009) demonstrated that by a
careful choice of field parameters the control atom is
capable of blocking a Raman transition via the Rydberg
state between 10) and [1) of all N atoms at once and
hence produce the same entangled state in one single
step. This process relies on a delicate destructive inter-
ference effect like the dark state phenomenon used in
electromagnetically induced transparency. Via measure-
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ments on the control atom, the interaction with the en-
semble offers means to characterize the entanglement in
the N-atom system (Miiller ef al., 2009).

It is also possible to produce the GHZ and other
many-atom entangled states without separate access to a
single atom, which can control the sample. We now re-
view two methods relying on adiabatic processes, where
the fields are turned gradually on and off on different
internal atomic transitions, and another method making
use of the possibilities to excite different Rydberg states
with different interaction characteristics.

Two adiabatic schemes have been proposed, where
the ground states and the Rydberg states are coupled in
a lambda transition and a ladder transition, respectively.
In the lambda configuration scheme (Unanyan and
Fleischhauer, 2002), where both ground states couple to
the Rydberg state, one uses the blockade to prepare first
a superposition state of the form

1
|\Pr,sup> = Tz(|r10N_1> + |0N>) (52)
\J

A subsequent Raman adiabatic process from 10) to 1)
via the Rydberg state is blocked in the first component
of the state, but happens unhindered in the second part
without ever populating the Rydberg state, and finally
the |r) component can be driven back to 10) to yield the
desired state.

The ladder configuration, studied by Mgller et al.
(2008), couples the lower ground state 10) directly to I1),
which in turn is coupled to |r). Here the rapid adiabatic
passage is used with the “counterintuitive” pulse se-
quence (Bergmann et al., 1998), where the coupling on
the [1)-|r) transition is gradually switched off while the
coupling on the lower 10)-I1) transition is turned on, hav-
ing the effect on a single atom to reliably transfer it to
the Rydberg state from the lower ground state. When
applied to two atoms, the Rydberg blockade prevents
the atoms to be both transferred to the Rydberg state,
and, in fact, the final state contains no Rydberg popula-
tion at all but instead leaves the atoms in an entangled
superposition state (1/12)(~|0?)+|12)). For higher num-
bers of atoms N, one realizes that for even values of N
that no Rydberg population exists in the final state,
which instead becomes a Dicke collective spin eigenstate
with zero eigenvalue of the collective spin operator

T = (@b, + a2, (53)

where the oscillator raising (d ;) and lowering (@) op-
erators add and remove a singfe atom in the two atomic
ground states 10) and [1). For N odd, the final state is a
permutation symmetric state with a single Rydberg ex-
cited atom, and the remaining atoms populating a col-

lective fx:O Dicke eigenstate. The Dicke states are
themselves interesting entangled states with possible ap-
plications in metrology, and Mgller et al. (2008) demon-
strated how to use the Rydberg excitation conditioned
on the odd-even atom number parity to accumulate non-
trivial phase factors and produce a GHZ state.
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Both proposals (Unanyan and Fleischhauer, 2002;
Mgller et al., 2008) recognize the presence of an effective
Jaynes-Cummings Hamiltonian in the coupling of the N
ground-state atoms due to the saturation of the two-
level transition between states with zero and one
Rydberg excited states. It is thus possible to perform
“cavity QED” experiments with the atomic sample, and
the nonlinearity of the Jaynes-Cummings model sug-
gests that, with the adiabatic switching between two dif-
ferent Hamiltonian terms, the system may also be used
as a quantum simulator to explore phase transition dy-
namics, as done with trapped ions (Friedenauer et al.,
2008).

As described in Sec. I1.B, the Forster resonance pro-
vides strong interactions for particular “coincidental”
degeneracies of pairs of Rydberg excited states while, in
the absence of Forster resonances, the interaction be-
tween Rydberg excited states is much weaker and has
shorter range. We assume the existence of two Rydberg
states |s) and |p) with strong mutual interactions be-
tween pairs of atoms in the |s) state and between a pair
of atoms in the |s) and |p) states, while two atoms in the
|p) state feel only a weak interaction. Examples of
such states in ¥Rb are [s)=|41s,,,m=1/2) and |p)
=|40p5/,,m=1/2), for which the p-p interaction is more
than two orders of magnitude weaker than the s-p inter-
action for all relevant parameters (Saffman and Mglmer,
2009), as shown in Fig. 11. Instead of a definite single
atom controlling an ensemble, we can use the Rydberg
blockade to introduce a single excitation in an ensemble
which can subsequently control the collective population
in other states. Beginning with all atoms in the state |0V),
a pulse on the 0-s transition creates the superposition
state,

1
W sup? = ,—5(|S]0N_]> +[0%)). (54)
\

Driving subsequently the transition 0-p, the absence of a
strong p-p interaction allows transfer of all atoms into
the |p) state, provided |s) is not populated,

1
W)= E(|810N"1> +1p™). (55)

Following this process by driving the p-1 transition to-
ward the other atomic ground state and inverting the
initial pulse on the 0-s transition finally produces the
desired state,

1
|V Ghz) = \J_E(|0N> +[1V)). (56)

In all of the above proposals, the fidelity with which
the entangled states can be prepared is an important
issue. The fidelity is reduced by atomic decay out of the
excited states and by fluctuations in the value of the
Rydberg interactions among different pairs of atoms.
For the proposals relying on adiabatic transfer, nonadia-
batic transitions should be avoided as much as possible,
and for the latter proposal the not completely vanishing
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interaction between atoms in the |p) Rydberg state
should be taken into account. For larger atom numbers
these errors imply that GHZ states become more and
more difficult to produce with high fidelity. In compari-
son, the entanglement in spin-squeezed states is less
critical to losses and noise (Bouchoule and Mglmer,
2002), and in samples with many atoms, already a small
population transfer and entanglement per atom is asso-
ciated with considerable squeezing making this a much
easier task.

VI. RYDBERG-EXCITED ENSEMBLES AND QUANTUM
OPTICAL EFFECTS

Quantum optics is widely defined as the field of phys-
ics dealing with the preparation, application, and detec-
tion of quantum states of the radiation field. The re-
search involves demonstration of quantum mechanical
effects and it finds application in precision probing at the
limits sets by quantum uncertainty relations and in opti-
cal strategies for quantum computing and communica-
tion. Single atoms and materials with optical nonlineari-
ties have been used to produce a wide variety of field
states (squeezed states, Fock states, “Schrodinger cat”
states, etc.), and in this section we present a few ex-
amples of the possibilities offered by the strong Rydberg
interaction energy in atomic ensembles to manipulate
quantum states of light.

A. Nonlinear and quantum optics in atomic ensembles

1. Optical and electric control of transmission properties of an
atomic ensemble

Friedler er al. (2005) suggested to use the Rydberg in-
teraction to effectively provide a phase gate between
two single-photon pulses propagating from opposite
sides through the atomic medium. The proposal is an
application of several aspects of EIT (Fleischhauer et al.,
2005). The pulses are assumed to excite the macroscopi-
cally populated ground state toward two different opti-
cally excited states |e;) and |e;), which are already
coupled in a ladder configuration by classical control
fields toward two different, mutually interacting Ryd-
berg states |r;) and r,| (see Fig. 38). The atomic three-
level transition transforms each photon wave packet into
a polariton (Fleischhauer and Lukin, 2000), i.e., a coher-
ent superposition of a field and an excited atomic com-
ponent, which travels through the medium with a re-
duced speed, controlled by the intensity of the classical
control field.

At weak control fields, the propagation is very slow,
and the polariton has an atomic character in the form of
a collectively shared single excitation of the Rydberg
state within a spatial volume which is compressed rela-
tive to the initial pulse length by the reduction in propa-
gation speed. Since only single photons are present in
the incident quantum fields, there is no effect of the Ry-
dberg interaction on the properties of the individual po-
laritons. When the two counterpropagating polaritons
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FIG. 38. (Color online) Rydberg mediated interaction between
optical fields. (a) Level scheme of atoms interacting with weak
(quantum) fields E, on the transitions |g)— |e;,) and strong
driving fields of Rabi frequencies ;, on the transitions |e; ,)
— |r12), respectively. V,, denotes the dipole-dipole interaction
between pairs of atoms in Rydberg states |r). (b) Upon enter-
ing the medium, each field having Gaussian transverse inten-
sity profile is converted into the corresponding polariton ¥ ,
representing a coupled excitation of the field and atomic co-
herence. These polaritons propagate in opposite directions
with slow group velocities vy, and interact via the dipole-
dipole interaction. From Friedler et al., 2005.

meet in the middle of the ensemble, however, state com-
ponents with nearby pairs of atoms excited to Rydberg
states |r;) and r,) are populated in a time-dependent
manner, and these components will hence accumulate a
phase factor due to the interaction energy. Friedler et al.
(2005) showed, perhaps surprisingly, that rather than a
complicated distortion and correlation of the phase
fronts of the two polariton modes, the interaction when
the two polaritons pass each other, leads to a single uni-
form phase shift ¢ of the state, determined by the polar-
iton transverse width and velocity and the Rydberg in-
teraction strength. As calculated by Friedler et al. (2005)
for parameters corresponding to a 100 um long sample
of cold atoms this phase may attain the value 7 and
hence paves the way to use atomic samples as an envi-
ronment for deterministic entanglement of optical fields
and photonic quantum gates.

Experimental progress in this direction using a sample
of cold Rb atoms is evident in Pritchard et al (2009)
where, with reference to Fig. 38, a control field on the
le)-|r) transition is used to strongly modify the transmis-
sion of a probe field on the |g)-|e) transition via the EIT
mechanism. The presence of Rydberg interactions modi-
fies the EIT dark state [in a manner similar to that in-
voked by Mgller et al. (2008) for creation of GHZ states]
such that the optical transmission becomes a function of
the atomic density and the strength of the probe field.
Although the parameters were not yet in the 7 phase
shift regime needed for a single-photon phase gate, the
experiments do demonstrate mapping of the dipolar
Rydberg interaction onto an optical nonlinearity.

B. Light-atom quantum interfaces with Rydberg blockade

A large working register for quantum computing may
for practical reasons have to be split into separate physi-
cal units each holding part of the register qubits, and
flying photonic qubits may be applied for quantum gates
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between these physical units. Long-distance quantum
communication suffers from propagation and coupling
losses, and it has been proposed to transmit information
only over shorter distances and store it in so-called re-
peaters, while the errors are still small and may be cor-
rected via quantum error correction applied to subse-
quently transmitted and retrieved flying qubits. By
further exchange of entangled qubit pairs with similar
distant repeaters, it is thus possible, by error correction
and rejection of erroneous qubits, to establish entangled
qubit pairs at long distances or between several compo-
nents of a large quantum computer.

For these reasons, interfacing of stationary and flying
qubits constitutes an active field of research (Hammerer
et al., 2010). In this section we discuss how a sample with
a few hundred atoms within a few micron-sized region of
space is large enough to provide efficient cooperative
absorption and emission of light and still small enough
to ensure strong dipole-dipole interactions when atoms
are excited into high-lying Rydberg states. Based on our
collective qubit encoding scheme, we propose to build
few-qubit quantum registers in such samples which can
receive and emit quantum information in the form of
single photons. Using the internal atomic level structure
to implement logical operations on just a few bits, the
samples can then employ entanglement pumping proto-
cols (Diir and Briegel, 2003; Jiang et al., 2007) to per-
form ideally in networks for scalable quantum comput-
ing and long-distance quantum communication. It is
furthermore possible to exploit the availability of mul-
tiple excitation paths to prepare superposition states
that emit more complex multiphoton entangled states.
Protocols for generation of complex photonic states
have been developed (Porras and Cirac, 2007, 2008;
Nielsen and Mglmer, 2010).

The atomic sample may also receive and store subse-
quent single-photon wave packets in separate collective
internal states. With the availability of collective encod-
ing two-qubit gates, it can then be used as a processing
unit for gates between photonic qubits.

1. Cooperative emission of single photons

Spontaneous emission of light from an ensemble of
atoms is related to the process of superradiance and has
been extensively studied in the literature. Within quan-
tum information theory, the collectively enhanced cou-
pling strength of atomic ensembles has been proposed as
a means to implement effective single-photon absorbers
(Imamoglu, 2002; James and Kwiat, 2002) and to con-
struct quantum repeaters for long-distance quantum
communication with atomic ensembles (Duan et al.,
2001), and following Lukin et al. (2001) it was shown by
Saffman and Walker (2002) that even a fairly small cloud
of Rydberg blocked atoms constitutes a directional
source of single photons. The Rydberg blockade ensures
that only a single atomic excitation is created in the sys-
tem, and the directional emission follows from the co-
herent addition of scattering amplitudes for the indi-
vidual atoms and the phase matching over the sample.
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Assuming an atomic distribution with a width w,,
Saffman and Walker (2005b) estimated that a Gaussian
radiation mode with a 1/¢? intensity waist of wy=12w,
which radiates into a solid angle of Q.=27/(kwy)?> will
be populated with a probability related to the cooperat-
ivity parameter C by Lugiato (1984)

p__C __NRiw;
1+ C 1+ NREPwWE

(57)

If we want the photon to function properly as a qubit,
not only the directional distribution but also the tempo-
ral dependence of the emitted photon field is important.
Interestingly the full time-dependent problem of collec-
tive emission has recently received considerable interest
(Mazets and Kurizki, 2007; Das et al., 2008; Porras and
Cirac, 2008; Mandilara et al., 2009), and Pedersen and
Mglmer (2009) provided a solution for the light emission
from an atomic sample, containing initially a single dis-
tributed atomic excitation.

We assume the initial collective atomic state

N
1 .
[Wo) = =2 e*oiley) ® |0), (58)
VN j=1

where |e;) is shorthand for the state with atom j excited
and the other atoms in their ground state |g). This state,
containing a single excitation collectively shared among
the atoms, with a position-dependent complex phase is
prepared with three laser fields as shown in Fig. 4. The
first two fields with wave vectors k;,k, drive a resonant
excitation into a Rydberg state, where the blockade in-
teraction prevents transfer of more than a single atom.
A resonant 7 pulse with wave vector k3 hereafter drives
the atomic excitation into the excited state |e), producing
the state (58) with ky=k; +k,—kj.

Since the system is restricted to states with only a
single excitation, we can expand the time-dependent
state of the atoms and the quantized field

N
() =2 aje”e;) @ [0) + > ke Hg) @ [k),
j=1 k

(59)

where |k) denotes the single-photon state in the plane
wave mode with wave number Kk, |g) is shorthand for the
collective state with all atoms in the ground state, and «;
and « are time-dependent expansion coefficients in the
interaction picture. For simplicity, polarization of the
light and the atomic Zeeman sublevel structures are
omitted from this analysis, and we assume that the inter-
action between the atoms and the quantized radiation
field is described by V;=3Y, 3y figyay|g)(ele T k-0,

The Schrodinger equation for the photon state ampli-
tudes kj can be formally solved in terms of the atomic
amplitudes and substituted back into the Schrodinger
equation for the atomic amplitudes,
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FIG. 39. (Color online) Excited-state population in an %’Rb
sample with 7 X7 X 20 atoms (solid curve). The population fol-
lows an exponential collective decay law (dashed line) until ¢
=10"% s, where the excitation is no longer uniform in the
sample as shown by the excited-state population in the four
top layers of the sample, shown in the upper part of the graph.
The bottom inset shows the directional photon density at ¢
=107"s.
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This expression is the starting point for the Weisskopf-
Wigner approximation, which argues that the atomic
amplitudes a;(¢") can be taken outside the integral over
t" and be simply evaluated at the time ¢, in which case we
only need to solve a simple set of first-order differential
equations. The number of equations is the same as the
number of atoms, and hence the decay problem can be
readily solved on a computer for up to several thousand
atoms. Singular value decomposition (SVD) provides
numerical eigenvalues and eigenvectors which param-
etrize a formal solution of the equations in terms of ex-
ponentially decaying and oscillating terms. The
Schrodinger equations for the field amplitudes k. (f) con-
tain the atomic amplitudes as source terms, and by for-
mally integrating the exponentially evolving atomic am-
plitudes we thus obtain the asymptotic values «(¢) for ¢
much larger than the atomic excited-state lifetime, as
simple expressions parametrized by the SVD eigenvec-
tors and eigenvalues.

In the case that the single collective atomic population
resides in ground or metastable states coupled by a clas-
sical control field to the optically excited state, the
atomic emission occurs by a spontaneous Raman transi-
tion and 2N coupled equations for the atomic ampli-
tudes must be solved (Poulsen and Mglmer, 2010), and
one subsequently gets the spatiotemporal field distribu-
tion in the same way as above.

In the numerical simulations presented in Fig. 39, we
have studied a cubic lattice with an elongated sample of
7 X7X20=980 atoms. With a lattice spacing of 0.37 um,
the maximum distance between any two atoms is
8.3 pum, short enough to achieve the Rydberg blockade
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for the preparation of the initial state and for later qubit
manipulation. We use numbers characteristic for *’Rb
and the 5P, excited state with a spontaneous emission
rate of y;=37 us~\.

As shown in Fig. 39, the excited-state population ini-
tially decays as exp(—7y.,f) (dashed line), where 7.
=5.7y,. The upper insets show the excited-state popula-
tion on individual atoms in the four upper layers of the
ensemble at t=10% s (the sample is mirror symmetric in
the central plane of atoms shown as the lowest layer in
the figure). As shown by the inset, at this time the sym-
metry of the atomic excited-state population in the
sample is broken, and this explains the slower decay of
the remaining few percent of excitation in the system.

In the superradiant stage, light emission occurs pre-
dominantly within a narrow emission cone. This is illus-
trated in the lower inset of Fig. 39, showing the total
photon emission probability as function of direction.
With more than 95% probability the photon is emitted
in a direction within 0.3 rad off the axis of the sample,
which is in qualitative agreement with the estimate (57).

One might worry that the loss or misplacement of a
few atoms from the sample would cause a significant
change in the field mode, and hence unrealistic demands
on the ability to trap atoms would have to be met to
reliably produce high fidelity photonic qubits. We have
tested this concern by removing tens of atoms from ran-
dom locations in the system studied in Fig. 39. We have
then solved the coupled atomic equations and computed
the field mode emitted by the modified structure as de-
scribed in the text and in each case determined the over-
lap of the resulting field with the one emitted by the
original sample. These overlaps are robust and in excess
of 99% in all our simulations.

C. Quantum communication protocols

In the previous section we have reviewed how a cloud
of atoms, small enough to enable an efficient Rydberg
blockade of the collective excitation, may serve as a di-
rectional single-photon emitter. For quantum communi-
cation it is equally important to be able to receive infor-
mation as it is to send it, and, indeed, a time-reversal
argument ensures that a field with a spatial dependence
which is the complex conjugate of the fields emitted by
our sample found above will travel in the opposite direc-
tion and converge upon the sample. Moreover, this time
or motion reversal also applies to the solution of the
coupled atom-light system, and the conjugate field hence
becomes extinct by collectively exciting the atomic sys-
tem. The small atomic cloud is an atomic storage me-
dium for a single photon if it is incident on the sample in
a particular mode. With controllable classical fields en-
gaged in the Raman processes of light emission from
one sample and absorption in another one, we get more
degrees of freedom to tailor the single-photon mode
function so that it may be absorbed with high efficiency.
The atomic excited state has finite lifetime, and the
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FIG. 40. (Color online) Quantum communication with a small
quantum register. (a) A five-qubit register consisting of a com-
munication qubit (c), a storage qubit (s), and three auxiliary
qubits (a;,3) (Jiang et al, 2007; Gorshkov, Calarco, et al.,
2008). (b) The collective encoding implementation, with a col-
lective internal state transition interacting with the field mode,
and long-lived and Rydberg internal states used for encoding
and coupling of the five qubits.

population should hence quickly be transferred coher-
ently to a stable atomic state.

The use of much larger atomic ensembles for light
storage, e.g., by electromagnetically induced transpar-
ency (Fleischhauer and Lukin, 2000; Liu et al., 2001), has
capacity to store a much larger number of modes (Nunn
et al.,2008), and the precise shape and arrival time of the
weak probe field does not need to be specified for stor-
age of a single incident pulse to work. Note, however,
that this apparent robustness to imprecision and noise in
the storage and retrieval of light pulses in large samples
does not remove the necessity to address precisely the
spatiotemporal photon wave packet if the coherent qu-
bit space of the photon is to be fully explored.

A storage fidelity of 95% may be enough to demon-
strate simple operations, but it is not enough to provide
scalability in quantum computing or in long-distance
quantum communication. Here, however, we make use
of the fact that this fidelity is obtained for a few hundred
atoms within a 10 um wide volume. An incident field
state with a single photon may thus be transferred to a
state of this ensemble, which is an even superposition of
states where each atom is in a stable state |c) while all
other atoms are in another specific ground state. This is
precisely a state of the form of the collectively encoded
qubits described in Sec. V.C. Using the ensemble Ryd-
berg blockade gates developed in Sec. V.D, it is possible
to perform entanglement pumping (Diir and Briegel,
2003) via two-bit gates from the information receiving
qubit toward other bits in the register; cf. Fig. 40.

Jiang et al. (2007) showed that under the assumption
of gates being possible between 4 and 5 auxiliary qubits,
measurements and multiple rounds of communication
can raise a 90% transmission fidelity to arbitrarily high
degrees of entanglement between two samples. We refer
the interested reader to Jiang et al. (2007) for the algo-
rithmic details and simply note that using our collective
encoding scheme with five internal levels as shown in
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Fig. 40 we have access to the needed auxiliary qubits and
the gates between them. Figure 40 shows the five-qubit
register designs, proposed by Jiang et al. (2007) (a), and
the ensemble qubit proposal of Pedersen and Mglmer
(2009) (b). In Fig. 40(a) five separate physical systems
take the role of a communication qubit, ¢, three auxil-
iary qubits for temporary storage and entanglement
pumping, a;,i=1,2,3, and a storage qubit for the per-
fected state, s. A chain of trapped ions with a single ion
residing in an optical cavity for communication or *C
atoms in the proximity of an optically addressable NV
center in diamond are proposed by Jiang et al. (2007) as
candidates for these five physical qubits. In Fig. 40(b) a
generic single-atom level scheme is shown for our col-
lective encoding with a reservoir state, and five different
long-lived states playing the same roles as the five physi-
cal qubits in Fig. 40(a), and an optically excited state and
two Rydberg excited states, needed for optical interfac-
ing and one- and two-bit operations, respectively. 1000
atoms should suffice to allow near-perfect one- and two-
qubit gate operations even when the population of the
spectator qubits is not definitely zero or unity. We em-
phasize that the collective encoding both yields the effi-
cient coupling to single photons and alleviates the need
for addressing of individual atoms.

D. Hybrid qubit interfaces with Rydberg atoms

The strong interactions between Rydberg excited at-
oms makes the Rydberg blockade mechanism an attrac-
tive mediator in hybrid proposals for quantum informa-
tion processing.

In Sec. VF, we presented several examples where a
single Rydberg excitation was able to control collective
states of an entire ensemble, and one can easily imagine
how this mechanism can be used to interface effectively
between the standard encoding scheme of qubits stored
in individually addressable atoms, as in Sec. III.D, and
the collective encoding in Sec. V.C. Similarly, an inter-
face between continuous variables associated with the
oscillator ladder of multiply excited ensemble states and
the discrete qubit scenario may take its starting point in
the Rydberg blockade interaction.

In this section we comment on the possibility to use
hybrid physical systems to extend the advantages of the
Rydberg mechanism to larger systems of particles. It
may be desirable to extend the Rydberg interactions to
longer distances, as many atoms can then be more easily
addressed in experiments, and with more atoms a
photon-atom interface may become more efficient due
to the larger optical depth. Also, the dipole moment of a
Rydberg atom is sufficiently large that a single-atom or a
Rydberg blocked ensemble may provide an adequate
strongly coupled nonlinear component in various cavity
QED setups. Sgrensen et al. (2004) proposed to locate
two Rydberg atoms in suitable vicinity of antenna sur-
faces and use a superconducting transmission line to me-
diate the interaction between the atoms over centimeter
distances. Stripline cavities have been produced and ex-
tensively studied in interaction with Cooper-pair boxes
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(Blais et al., 2004), and it seems realistic to trap atoms in
the vicinity of such striplines and approach the strong
coupling cavity QED regime, both with a single atom
and with the collectively enhanced coupling of an en-
semble of atoms to the cavity field.

The stripline cavities have their resonance frequencies
in the GHz range (Blais et al., 2004), and they may be
tuned to couple efficiently to transitions among different
Rydberg states. Petrosyan and Fleischhauer (2008) pro-
posed to use the cavity field to mediate long-range inter-
actions between individual atoms, and to obtain an ef-
fective blockade effect over samples large enough to
provide effective single-photon emitters and media for
single-photon quantum gates. Alternatively a single
Rydberg atom may be entangled with the cavity field as
described by Saffman et al. (2009), and the single atom
then entangled with an ensemble atomic qubit to medi-
ate an interface with photonic qubits. The stripline cavi-
ties interact efficiently with the so-called transmon,
Cooper-pair box qubits (Blais et al., 2004), which how-
ever offer lifetimes of only a few microseconds. Equiva-
lent to similar proposals using samples of polar molecu-
lar (Rabl and Zoller, 2007), it has thus been proposed to
transfer the qubit between the transmon and the atomic
ensemble via the cavity field (Petrosyan et al., 2009) in a
truly hybrid proposal making optimum use of the fast
gate processing of one and the long storage times of the
other component.

Making further use of external laser fields or static
fields to address collective spin waves with different
wave numbers

1 4
1, = 7?2 401, 0), (60)
VK

a single atomic ensemble is capable of hosting a large
number of collective modes as previously proposed in
molecular ensembles (Tordrup ef al., 2008) and in solid-
state spin ensembles (Wesenberg et al., 2009). In the col-
lective encoding scheme for qubits each spatial spin-
wave mode encodes a qubit and the number of modes
thus provides the size of the quantum registers. Note
that the spin-wave modes are only independent for a
sufficiently large ensemble, and hence the cavity medi-
ated long-range blockade interaction is necessary for
this encoding to be effective.

The trapping of cold neutral atoms in the vicinity of a
superconducting cavity surely constitutes a major ex-
perimental challenge that will have to be solved
(Petrosyan et al., 2009; Saffman et al., 2009), but if a
successful solution is found, the hybrid system with Ryd-
berg atoms and resonant cavities holds potential for
scalable quantum computing.

E. Rydberg atoms and alternative quantum computing
paradigms

We have in this review mainly focused on the possi-
bilities to perform quantum computing with Rydberg ex-
cited atoms as described in the circuit model of quantum
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computation, i.e., quantum computation based on se-
quences of one- and two-bit operations applied to a reg-
ister of memory qubits. The collective encoding scheme
partly evades the common conception of separate logical
qubits being stored in separate physical systems in the
circuit model, but the collective modes are, indeed, well-
characterized degrees of freedom. As emphasized by
our explicit presentation of the implementation of one-
and two-bit gates, quantum computation with collec-
tively encoded qubits evolves according to the usual cir-
cuit model apart from special means needed to counter
errors.

Since the emergence of the first proposals for quan-
tum computing other ideas for the implementation and
use of quantum computers have appeared. It would take
us too far afield to present a detailed account of these
ideas, but we mention a few examples where the prop-
erties of the Rydberg excited atoms have been shown to
be particularly interesting. Cluster state or one-way
quantum computers (Raussendorf and Briegel, 2001;
Raussendorf er al., 2003) apply physical interactions to
establish a multiparticle entangled state, which serves as
the initial state for a sequence of one-bit measurements
which suffices to produce a final state of the remaining
bits of the same universal generality as the output regis-
ter obtained by a quantum computation in the circuit
model. Making use of the Rydberg blockade interaction
within atomic ensembles and the ability for atomic en-
sembles to effectively absorb single photons, it has been
proposed that the production of ensemble cluster states
has a much higher probability of success than conven-
tional schemes using light and atoms (Mei et al., 2009;
Zwierz and Kok, 2009). Using the few bit per ensemble
and distillation ideas (Pedersen and Mglmer, 2009) de-
scribed above, one may achieve an effectively determin-
istic protocol for cluster state preparation along the
same lines, and one may consider tests with cluster
states encoded collectively in a single atomic ensemble.

The one-way computer is based on measurements and
thus on a dissipative element. By engineering dissipative
channels acting jointly on nearest neighbor qubits in a
physical architecture, one can also provide the entangle-
ment capabilities needed for universal quantum comput-
ing (Diehl et al., 2008; Verstraete et al., 2009). One may
think of the state prepared by this dissipation as a sta-
tionary, dark state of the dynamics, and for this state to
be an entangled state, the dissipation must be engi-
neered to act in a correlated manner on pairs or larger
collections of qubits. In a recent proposal (Weimer et al.,
2010), it is suggested to use the Rydberg interaction to
engineer these correlated multibit dissipative terms by
effectively transforming the desired quantum jump op-
erators into the natural jumps, associated with decay of
optically excited states of individual atoms in regular lat-
tice structures.

An important process that has gained recent interest
is the quantum random walk, where a physical param-
eter walks in opposite directions according to coin
tosses, and where a quantum coin in a superposition
state causes a ballistic rather than diffusive spreading of
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the walker caused by a classical random coin. The more
rapid exploration of a wide range of parameter values
may have implications for search problems, and quan-
tum random walks have been proposed and even stud-
ied experimentally in several physical systems (Perets et
al., 2008; Karski, Forster, Choi, Steffen, et al., 20009;
Schmitz et al., 2009) which may also be used for the
usual circuit model of quantum computing. Coté et al.
(2006) suggested to implement quantum random walks
of a specific collective Rydberg state excitation between
an array of atomic ensembles. Using the Rydberg block-
ade, the ensembles in a number of traps are first excited
to have a single ns excited Rydberg atom, except in one
trap, which is initially excited to have a single np Ryd-
berg atom. The interaction permits a fast exchange of
the excitation degree of freedom between nearest-
neighbor ensembles, and thus the np excitation becomes
the quantum walker, which may diffuse over the entire
ensemble and eventually be detected, e.g., by field ion-
ization. For a related study of excitation transport in an
irregular trap array of atomic ensembles, see Miilken et
al. (2007).

Last but not least quantum simulators present a topic
of current interest, with the goal to use engineered
quantum systems to simulate complicated many-body
physics and readout information, which may not be ad-
dressed in the real systems simulated. Quantum magne-
tism, black hole physics, lattice gauge theories, topologi-
cal quantum field theories, superconductivity, and a host
of phase transition phenomena are among the topics
that are currently being addressed. The Rydberg inter-
action is particularly useful here because it is strong and
hence allows simulation of steady-state dynamics within
realistic time scales and because it is switchable in a way
that allows decomposition of a wide range of effective
bipartite and multipartite interaction operators (Weimer
et al., 2010). Quantum gases of dipole-dipole interacting
particles present a major challenge for many-body
theory and experiment (Lahaye et al., 2009), and since
polar molecules and Rydberg excited atoms experience
this interaction and are experimentally available and
may be detected with well-established atomic physics
tools, they have been proposed as a test bench for the
study of cluster and supersolid formation and nonclassi-
cal crystal structures (Olmos, Gonzalez-Férez, and Le-
sanovsky, 2010; Pohl et al., 2010; Pupillo et al., 2010),
stabilized by quantum fluctuations (Olmos, Gonzalez-
Férez, and Lesanovsky, 2009b; Pupillo et al., 2009).

VII. SUMMARY AND OUTLOOK

As emphasized throughout this review there is cur-
rently a high level of activity devoted to exploring the
use of strong atomic interactions mediated by transient
excitation of Rydberg states for a variety of quantum
information processing tasks. Approximately one de-
cade after the initial proposal of a Rydberg quantum
gate (Jaksch er al, 2000), the achievement of precise
control of well-localized single atoms has resulted in
demonstration of a two-qubit quantum gate (Isenhower
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et al., 2010; Wilk et al., 2010). At the other extreme col-
lective effects in blockaded ensembles hold promise for
multiqubit registers, for robust light-atom quantum in-
terfaces, and as a tool for simulating quantum many-
body physics. The degree of control that has been
achieved experimentally still lags behind theoretical ex-
pectations which suggest that high fidelity quantum
gates with errors well below 0.001 are feasible. Contin-
ued development of the requisite optical and laser sys-
tems combined with improved control of the spatial and
momentum distribution of single atoms will be impor-
tant ingredients in ongoing work aimed at approaching
theoretical limits.

Current experimental work is concentrated on alkali
atoms. The alkali atoms are convenient as regards the
experimental requirements needed for cooling and trap-
ping as well as Rydberg excitation. Single electron alkali
atoms are also amenable to a detailed treatment of
Rydberg state properties and interactions using rela-
tively straightforward theoretical tools. Looking to the
future other parts of the periodic table may take on in-
creased importance. Two-electron alkaline earth atoms
have been widely used in quantum optics experiments in
recent years with applications including high precision
optical clocks and quantum gases. The possibility of in-
corporating Rydberg-mediated effects into alkaline
earth systems is a promising, yet unexplored direction.
The rare-earth atoms with their complex spectra, and
large numbers of hyperfine ground states are another
interesting direction which has so far only been touched
on theoretically (Saffman and Mglmer, 2008). Rydberg
interactions have also turned out to be important for
creation of long-range molecular dimers (Farooqi et al.,
2003; Stanojevic et al., 2006; Bendkowsky et al., 2009;
Overstreet et al., 2009) which may prove useful as part of
the current interest in applications of molecules to quan-
tum information processing (Rabl and Zoller, 2007).

A significant aspect of Rydberg-mediated interactions
is that they bridge the gap between single-atom qubits,
with excellent coherence properties, and many-atom en-
sembles, with poorer coherence, yet the potential for
establishing a deterministic quantum interface between
light and atoms (Hammerer et al, 2010). Many signa-
tures of Rydberg interactions have been studied in
atomic ensembles, yet a demonstration of controlled ex-
citation of a single quantum in a many-body setting with
N>2 atoms has not yet been achieved. For many (but
not all) potential ensemble applications, the number of
atoms needs to be known with sub-Poissonian precision.
Thus nondestructive number measurements are impor-
tant, and these may be challenging due to light-assisted
collisions. Furthermore, atomic collisions act to reduce
the coherence time of ensemble based qubits.

It is likely that progress with ensemble-based qubits
will be made by moving toward lattice-based experi-
ments where there is a natural minimum barrier to the
two-atom separations. The concept of collective encod-
ing has many attractive features but to date has not been
pursued experimentally. Successful implementation of
this approach again seems to favor structuring the atom
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distribution with a subwavelength lattice, as suggested
by Saffman and Mglmer (2008).

The predictions of universal scaling behavior, quan-
tum critical points, and mesoscopic phases of dipolar en-
sembles (Weimer et al., 2008; Low et al., 2009; Pupillo et
al., 2009) are examples of direct realization of nontrivial
many-body physics with Rydberg ensembles. Recent
proposals (Weimer et al., 2010) to use Rydberg atoms for
implementing multipartite interaction operators point to
broad possibilities for simulating quantum many-body
physics. The potential for demonstrating controlled
quantum dynamics has been well established, which will
promote continued interest in this rich field for the fore-
seeable future.
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